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Folding of Viscous Threads in Diverging Microchannels
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We study the folding instability of a viscous thread surrounded by a less viscous miscible liquid flowing
from a square to a diverging microchannel. Because of the change in the flow introduced by the diverging
channel, the viscous thread minimizes viscous dissipation by oscillating to form bends rather than by
simply dilating. The folding frequency and the thread diameter can be related to the volume flow rates and
thus to the characteristic shear rate. Diffusive mixing at the boundary of the thread can significantly
modify the folding flow morphologies. This microfluidic system enables us to control the bending of the
thread and to enhance mixing between liquids having significantly different viscosities.
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FIG. 1 (color online). Schematics of the experimental setup.
(a) Diagram of a diverging microchannel module (height, h �
100 �m). Simultaneous injection of silicone oils L1 (more
viscous) and L2 (less viscous) yields a thread of L1 in the square
channel. The thread enters a diverging channel characterized by
the angle �. (b) Flow profiles during the folding instability (side
view). Arrows indicate velocities.
The deformations of threadlike flows in slender geome-
tries are common and have long intrigued both scientists
[1,2] and artists [3]. Viscous folding occurs in situations as
familiar as pouring honey onto toast and as subtle as in the
formation of large-scale geological structures [4]. Related
to the buckling of slender rods and plates, viscous folding
illustrates the analogy between the equations of motion for
creeping flows and those describing deformations of sim-
ple elastic solids [5,6]. Although progress has been made in
understanding the buckling of viscous sheets and threads as
they drain onto a surface under gravity [7–10], the range of
viscosities and flow rates that have been probed is limited.
In addition, when a viscous thread enters another miscible
liquid, the viscous resistance outside the thread consider-
ably modifies the folding dynamics [11]. Much less is
understood about this case, primarily because of the added
complexity of the outer liquid.

The field of microfluidics has facilitated the study of
fluid behaviors that are difficult to investigate at the macro-
scale [12–14]. Microfluidic devices provide precise flow
geometries, greatly reduce required liquid volumes, and
can be used to produce complex soft materials, such as
emulsions and foams [15–17]. Microfluidic flows are usu-
ally laminar, so liquid streams remain parallel and liquids
mix only by diffusion. The time scale associated with
diffusion, tD � h2=D, where h is the characteristic length
scale andD is the diffusion coefficient between the liquids,
is typically much larger than the time scale associated with
convection, tC � h=U, where U is the characteristic flow
velocity. Therefore, relying upon diffusion to mix liquids
in simple microflow configurations is frequently impracti-
cal. As a result, innovative strategies, such as patterned
surface topography [18], forced oscillatory transverse
flows [19], or rotary pumps [20] have been developed to
enhance mixing in microfluidics. However, numerous in-
dustrial and biological liquids exhibit widely different
viscosities. Mixing liquid having large viscosity contrasts
is rather complex because of the evolution of the relative
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mobility between the liquids as they mix in the fluidic
system.

Here we study the folding of a viscous thread flowing
along with a less viscous liquid into a diverging micro-
channel. The thread is formed by hydrodynamic focusing
of a more viscous liquid flow by a less viscous liquid side
flow into a square microchannel of height, h � 100 �m
[Fig. 1(a)] [21]. We use silicone oils having different
viscosities ranging from 0.5 to 500 cP. The more viscous
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FIG. 2. Viscous folding of a thread in diverging microchannels
for different channel angles � and flow rate ratios ’. The
viscosities are fixed at �1 � 500 cP and �2 � 6 cP (� � 83).
(a)–(d) The thread flow rate is fixed at Q1 � 5 �l=min .
(a) ’ � Q1=Q2 � 0:4, � � �=2. (b) ’ � 0:2, � � �=2.
(c) ’ � 0:4, � � �. (d) ’ � 0:2, � � �. (e) ’ � 0:03 (Q1 �
1 �l=min ), � � �=2. (f) ’ � 0:02 (Q1 � 1 �l=min ), � � �.

FIG. 3. Folding frequency, f, vs the characteristic shear rate,
�, for different � and �. Line: f � �=4. Open symbols, � �
�=2; filled symbols, � � �. Viscosities (in cP) are: �1 � 100,
�2 � 6 (�); �1 � 200, �2 � 6 (5); �1 � 500, �2 � 10 (4);
�1 � 500, �2�6 (�); �1 � 500, �2 � 6 (�); �1 � 100, �2 �
0:82 (�); �1 � 500, �2 � 0:82 (	); �1 � 500, �2 � 0:5 (�).
Inset: dimensionless thread diameter, "�’�; line:" � ’0:6.
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liquid, L1, is injected from the central channel with a
volume flow rate, Q1, and the less viscous liquid, L2, is
injected from the side channels with a total volume flow
rate, Q2. The liquids flow downstream in the square chan-
nel, before they enter the diverging channel, where the
channel width increases at an angle, �. The viscous thread
is essentially restricted to deform in two dimensions, which
facilitates visualization and analysis, and steady-state flow
patterns can be formed. Since the oils are readily miscible,
surface tension is negligible; moreover, viscous forces
dominate buoyancy [22], and flows are laminar [23]. The
Peclet number, Pe � tD=tC � hU=D, ranges between 103

and 106 since U typically ranges between 10�3 and
10�1 m=s, and D ranges between 10�10 and 10�11 m2=s
for different pairs of silicon oils [24].

In the hydrodynamic focusing geometry, Knight et al.
[25] showed that the central liquid forms a rectangular
stream of variable width when the liquids have similar
viscosities � � �1=�2 � 1. For large viscosity contrasts,
�� 1, the system minimizes viscous dissipation by
adopting the configuration of a nearly cylindrical thread
of the more viscous liquid in the center, lubricated by the
less viscous liquid near the walls of the square channel.
The thread of radius R1 can be assumed to flow at nearly
constant velocity,U1 � Q1=��R

2
1�, like a solid plug, inside

a sheath of the less viscous liquid, similar to the flow in a
circular channel [26]. In this case, U1 represents the maxi-
mum velocity of the surrounding liquid. Downstream, the
thread and surrounding liquid enter the diverging channel
creating a decelerating extensional flow [Fig. 1(a)].
Empirically, we find that the folding instability occurs for
� � 15. Extensional viscous stresses cause the thread to
bend and fold, rather than dilate, in order to minimize
dissipation and conserve mass. As the thread folds, it
reduces its velocity and mixes with the outer liquid. This
intermediate viscosity mixture, or ‘‘pile,’’ contacts the top
and bottom walls further downstream resulting in a dra-
matic decrease of its mobility as a function of the local
viscosity [Fig. 1(b)].

Micrographs of the typical folding morphologies for
various flow rate ratios, ’ � Q1=Q2, and diverging chan-
nel angles, � � �=2 and �, are shown in Fig. 2. The flow
morphologies exhibit periodic oscillations depending upon
the flow rates. In the diverging channel, the folds increase
in amplitude, the wavelength decreases, and the thread
thins. The peak folding amplitude defines an envelope
between the less viscous liquid and the more viscous
folded central region. As � increases, the nearly parabolic
envelope becomes wider. Reducing ’ decreases the thread
radius, R1, in the square channel, and folding occurs further
downstream in the diverging channel. For large ’ � 0:05,
the thread begins to oscillate in the square channel, up-
stream from the divergence over a distance proportional to
’, typically, a few times h [Figs. 2(a)–2(d)]. For smaller
’ � 0:05, fine filaments rapidly exit the square channel
and begin folding further downstream [Figs. 2(e) and 2(f)].
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Measurements of the oscillation frequency, f, as a func-
tion of the characteristic shear rate in the square channel,
� � U1=�h=2�, for different �� 1, ’ � 0:05, and �, are
shown in Fig. 3. We find f � �=4, independent of � and �.
To calculate �, we measure the dimensionless diameter,
" � 2R1=h, as a function of ’, upstream, away from this
oscillation. Over two decades in ’, " rises as a power law:
" � ’0:6 [Fig. 3, inset]. This exponent is close to 1=2
corresponding to the asymptotic solution of a small cylin-
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drical thread ("
 1) in a circular tube with �� 1:" �
�’=2�1=2. Therefore, we can estimate � � �8=���
�Q1=h3�"�2 �Q�0:2

1 Q1:2
2 ; empirically, this implies a strong

dependence of f on Q2 and a weak dependence on Q1:f �
2=��h3�Q�0:2

1 Q1:2
2 . The folding frequency in this regime,

’ � 0:05, depends only on the rate of injection of the
liquids and the square channel size, h, analogous to the
viscous regime of a liquid rope coiling on a surface [10].

Since intermolecular diffusion can considerably modify
the local viscosities, the morphology of the pile also de-
pends on the absolute values of the flow rates and the
viscosities. To investigate the crossover between diffusive
and convective folding regimes, we use a highly diffusive
oil for the surrounding liquid, �2 � 0:5 cP. Because of the
small molecular sizes, molecules of less viscous oils dif-
fuse faster than molecules of more viscous oils [24]. By
varying Q1 and ’, we obtain a diffusive-to-convective
folding micrograph diagram [Fig. 4]. For very low flow
rates (Q1 � 1 �l=min ), the two oils have time to inter-
diffuse in the square channel; this leads to a small viscosity
gradient between the liquids and inhibits significant fold-
ing. Considerable intermolecular diffusion occurs for low
flow rates, Q1 � 5 �l=min [Figs. 4(a)–4(c)], and is neg-
ligible for larger flow rates, Q1 � 20 �l=min [Figs. 4(d)–
4(f)]. In the diverging channel, the sinuous shape of the
thread increases the interfacial area between the liquids
and the less viscous liquid is trapped between the folds that
thin in the extensional shear. This mechanism enhances
mixing between the liquids. For small flow velocities,
striations of the more viscous oil are convected away
from the bends of the thread into the less viscous liquid
beyond the primary envelope. Near the diverging walls, the
FIG. 4. Diffusive-to-convective folding micrograph diagram:
Q1 vs ’. Thread viscosity: �1 � 500 cP, outer viscosity: �2 �
0:5 cP (� � 1000). (a)–(c) Folding with strong diffusive mixing
(Q1 � 5 �l=min ). (d)–(f) Folding with weak diffusive mix-
ing (Q1 � 20 �l=min ). Heterogeneous viscous mixtures are
formed at low ’ and high Q1.
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outer liquid remains essentially pure [Figs. 4(a)–4(c)]. The
rate of mixing is different inside and outside the primary
envelope. In the pile, the lower viscosity liquid must dif-
fuse into the stretched threads. For moderate flow veloc-
ities, mixing becomes significant inside the pile and the
folding mechanism reduces the effective viscosity in the
center of the pile. This allows the central region of the pile
to flow faster than its boundaries, producing curved viscous
ripples having a distinct central bulge along the direction of
the flow [Figs. 4(f) and 4(e)]. For larger velocities, the
thread boundary remains sharp; thus, there is a locally high
viscosity gradient between the two liquids. The interplay
between folding and the high viscosity gradient leads to the
formation of heterogeneous viscous mixtures downstream
[Fig. 4(f)]. In this case, the heterogeneous deposition of the
thread creates a pile having nonperiodic viscous ripples. As
opposed to purely diffusive flows [14], viscous folding
offers the practical ability to rapidly enhance mixing be-
tween liquids having different viscosities in microfluidic
devices.

The flow of the pile can become unsteady for large � and
large Q1. The self-adjusting downstream boundary condi-
tions in combination with the folding lead to more complex
transient flow morphologies, which we call ‘‘subfolding’’
[Fig. 5]. Subfolding is characterized by the periodic alter-
nation of two folds upward followed by two folds down-
ward. The folds remain within an envelope that is still
parabolic overall. Subfolding patterns appear to have dis-
tinct branches further downstream. Although the folding
frequency, f, is largely insensitive to the flow of the pile,
the appearance of subfolding indicates that a self-
consistent solution to the thread trajectory can include
more complex periodic solutions than a simple oscillation.
The symmetry breaking in the deposition of the folds,
induced by the convecting boundary conditions, may be
interpreted as a transition from periodic to chaotic (i.e.,
heterogeneous) folding.

Our study shows that a rich variety of viscous folding
morphologies can be generated in microfluidic devices. We
FIG. 5. Subfolding of a viscous thread. The folding thread
oscillates alternatively between the upper and lower sides of
the folding envelope, creating subfolds within folds (�1 �
200 cP, �2 � 0:5 cP, � � 400). These folds are stretched in
the extensional shear flow, producing structures resembling
branches downstream. Flow rates (�l=min ): (a) two apparent
branches: Q1 � 12, Q2 � 50. (b) Four apparent branches: Q1 �
20, Q2 � 100.
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obtain many unanticipated and potentially useful flow
phenomena: oscillatory folding, folding modified by strong
diffusion, heterogeneous folding, and subfolding. We show
that folding induced by diverging channels considerably
enhances passive mixing between liquids having different
viscosities. In particular, this type of geometry could be
used to inject and mix a controllable amount of less viscous
liquid into a more viscous liquid. This study opens up new
directions for controlling liquid interfaces [27] and exploit-
ing viscous instabilities in systems dominated by viscous
forces, such as microfluidic flows. In particular, viscous
folding is promising for the study of dynamic interactions
between a wide range of complex and reactive fluids.
Solving the hydrodynamic equations of motion for the
shape and trajectory of the boundary-free threads inside
the channel is a theoretical challenge that would provide
key insights into the rich nature of viscous folding.
Simulations that include the full treatment of the
convection-diffusion equations for the folding and stretch-
ing thread could lead to a microchannel design that opti-
mizes the mixing.
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