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Scaling law in liquid drop coalescence driven by surface tension
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This Letter reports experimental results on the coalescence of two liquid drops driven by surface
tension. Using a high speed imaging system, we studied the early-time evolution of the liquid bridge
that is formed upon the initial contact of two liquid drops in air. Experimental results confirmed the
scaling law that was proposed by Eggerset al.based on a simple and yet elegant physical argument.
We found that the liquid bridge radiusr b follows the scaling lawr b}t1/2 in the inertial regime.
Further experiments demonstrate that such scaling law is robust when using fluids of different
viscosities and surface tensions. The prefactor of the scaling law,r b /t1/2, is shown to be}R1/4,
whereR is the inverse of the drop curvature at the point of contact. The dimensionless prefactor is
measured to be in the range of 1.03–1.29, which is lower than 1.62, a prefactor predicted by the
numerical simulation of Ducheminet al. for inviscid drop coalescence. ©2004 American Institute
of Physics. @DOI: 10.1063/1.1756928#
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When two liquid drops approach each other with neg
gible initial velocities, van de Waals force joins the tw
drops together and forms a tiny liquid bridge. The bridg
due to its large curvature, quickly expands under the in
ence of interfacial stress and the resultant fluid motion p
two drops together and forms a larger drop with sma
surface area. A movie of this process can be viewed
http://www.oxy.edu/;mingming/coalescence.html. Much o
the early experimental and theoretical work on drop coa
cence is motivated by its applications in industrial proces
~printing and sintering processes!, as well as its fundamenta
importance as a free surface problem in fluid dynamics1–5

Recently, liquid drop coalescence has been brought into
light due to its applications in microfluidic device for bio
chemical reactions.6–8 In a digital microfluidic platform,
small volumes of fluids are manipulated in the form of dro
lets on a flat substrate. These small droplets, diameter ra
from a few hundredsmm to a few mm, can be merged, tran
ported and separated on a substrate via external forces~elec-
trowetting force and thermocapillary force, for exampl!.
Such a device is an especially promising contender for a
mating chemical and biological experiments, or for amTAS
~micro total analysis system!. Important questions to ask ar
how well the contents of two drops mix when they merg
and whether the surface tension driven flow during drop c
lescence can be utilized to enhance mixing. It is in this c
text that we wish to understand the early dynamical p
cesses of the liquid drop coalescence.

The problem of liquid drop coalescence driven by s
face tension has been studied in detail both analytically

a!Author to whom correspondence should be addressed. Electronic
mw272@cornell.edu
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numerically by Eggerset al.2 Their work focuses on the vis
cous regime when the Reynolds numberRe!1, and the dy-
namical process can be described by a set of Stokes e
tions. The Reynolds number of the surface tension driv
flow is defined asRe5sr b /(rn2), wherer b is the radius of
the bridge along the initial contact line@see Fig. 1~b!#, s is
the surface tension,r is the density, andn the kinetic viscos-
ity of the liquid drop. The early time evolution of the shap
of the liquid bridge is revealed, and the bridge radiusr b is
shown to follow a scaling law ofr b}t ln(t).

While the study of the viscous regime is critical in u
derstanding drop coalescence involving high viscosity flui
such as the sintering process~forming a homogenous mate
rial by heating glass powder or metal powder!, it is of less
relevance to coalescence problems occurring in biology
chemistry experiments where low viscosity fluids are oft
involved. For instance, the bridge radiusr b needs to be less
than 10 nm in order for the Reynolds number to be less t
1 using water drops. It is thus important to treat the probl
in the inertial regime, whenRe@1. In the inertial regime,
Eggers et al. further proposed a scaling law based on
simple physical argument.2 Assuming that the interfacia
stress is set by the smallest length scale—the gap widtD
@see Fig. 1~b!#, the interfacial stress that drives the bulk flu
motion is thens/D. Balancing the kinetic energy and th
interfacial stress, one gets (1/2)rv2}s/(r b

2/2R), wherev is
the characteristic velocity of the bulk fluid near the bridg
This leads to the scaling law ofr b}(Rs/r)1/4t1/2. Duchemin
et al. further carried out a numerical simulation on the ea
time evolution of the liquid bridge for inviscid drop coale
cence. In addition to confirming the above scaling law, th
found the prefactor to the above scaling law to be 1.62.
writing the scaling law in dimensionless form, one ge
il:
© 2004 American Institute of Physics
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r b /R51.62(t/t)1/2, wheret5A(rR3)/s is the characteristic
time in inviscid flow. Note that the numerical simulation
carried out in the parameter regime ofr b /R,0.035.

Very little experimental work has been done to study
liquid drop coalescence in the inertial regime due to its ra
motion.9 The time scale for merging two 0.1-cm radius dro
in inertial regime is set byA(rR3)/s, which is about 4 ms
for water. One exception is the work of Menchaca-Roc
et al.,4 where mercury drops are used together with a h
speed video camera. The experimental data supported
r b}t1/2 scaling law. However, the main focus of their work
on the time evolution of the overall drop shape during
coalescence. Several aspects of the problem surroundin
early time evolution of the drop coalescence, such as
influence of fluid properties and the dependency of the s
ing law prefactor on drop size, have never been checked
experiments. This Letter presents an experimental study
the early time evolution of the bridge contours formed
merging two liquid drops in air using three commonly us
fluids; water, water–glycerol mixture, and methanol. In a
dition to confirming the bridge width scaling lawr b}t1/2, we
further provide the detailed bridge contour images during
initial drop merging process, as well as quantitative meas
ments of the prefactor of the scaling law.

The experiment is set up in such a way that the t
liquid drops are made to merge in air with negligible initi
velocities ~see Fig. 1!. Small drops~from 0.05 to 0.15 cm!
are produced using a 250ml SGE Gas-Tight syringe and
larger drops~from 0.15 to 0.3 cm! are produced using a 1
ml Upchurch Scientific disposable syringe. Due to cont
angle hysteresis, the contact line between the drop and
syringe tip is pinned between the receding and the advan
contact angle. The drop curvature can thus be adjusted
carefully changing its volume with the syringe piston. T
largest pendant drop obtainable is about the capillary len
lc5(s/gr)1/2, which is about 0.3 cm for water. The drop
are backlit by a quartz halogen fiber optic illuminat
~Dolan–Jenner MI-150, 150 W! through an optic fiber light
guide. The diameter of the optical fiber bundle is 5 mm

FIG. 1. Schematics of the drop coalescence experiment.~a! is an image of
the two drops before merging, the inverse of the drop curvature is meas
as shown (R50.139 cm);~b! shows the area close to the point of conta
shortly after the drops are merged, the size of the image is 0.20430.0245
cm. 2r b is the width of the bridge along the initial contact line andD is the
bridge gap width.
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high speed camera~Redlake, MotionPro! is used to record
the dynamics of drop coalescence. The full spatial resolu
of the camera is 128031024 pixels, and it varies with the
acquisition speed. All the images~except for those noted! are
taken at 10 k frames per second, with spatial resolution
384348 pixels, 512348 pixels and 10ms exposure time. A
60 mm Nikon macrolens is mounted either directly or via
extension tube to the high-speed camera.

For each experimental run, we first manually make t
drops of equal size at the tips of the syringes. Second, we
the location of the pendant drop and adjust the macrol
until the outline of the pendant drop is in focus. Third, t
position of the lower drop is adjusted using axyz mi-
crotranslation stage~0.5 mm per line resolution! until it is
very close to the pendant drop and it is in focus. Finally,
lower drop is moved up slowly until it touches the penda
drop. The axisymmetric nature of the system ensures tha
outline of the liquid bridge is always in focus during th
experimental run, as shown in Fig. 2. The curvatures of
drops are obtained using images that are taken by the ca
with full resolution right before the drops are merged@see
Fig. 1~a!#. Experiments were carried out at room temperat
2060.5 °C.

Three different fluids are used to make drops. First,
used deionized water~UCLA, Nanoelectronics research fa
cility !. The surface tension of the water is 72.7 dyn/cm, d
sity is 0.998 g/cm3 and viscosity is 1.00 cP. Second, we us
methanol~EM science!. The surface tension of methanol
22.7 dyn/cm, density is 0.792 g/cm3 and viscosity is 0.59 cP
Third, we used deionized water and glycerol~Fisher Scien-
tific! mixture ~composition: 60% glycerol, 40% water in vo

ed

FIG. 2. Ten consecutive images~100 ms apart! taken by the high speed
camera. The size of each image is 400348 pixels which corresponds to
0.20430.0245 cm. Water drop of radius 0.191 cm is used. Dashed line is
initial contact line. The two crosses mark the locations of the bridge’s fr
r 8.
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ume!, with a surface tension of 67.4 dyn/cm, a density
1.16 g/cm3 and a viscosity of 14.4 cP.10,11

For each experimental run, a movie series of;50 frames
is taken and saved on the computer hard disk for later an
sis. Figure 2 is a sequence of images taken within the
millisecond after two water drops merge. The bright spot
the middle of the image is caused by the lens effect of
cylindrical liquid bridge. The two drops make the initial co
tact sometime between frame 1 and frame 2, and a liq
bridge is clearly formed in frame 2. The liquid bridge e
pands rapidly in the first few frames, and slows down in
later frames, which is consistent with thet1/2 scaling law. An
image processing software ImageJ~NIH! is used to find the
bridge width at various time. We first plot the space tim
diagram of the image line along the initial drop contact li
@dashed line in Fig. 2# from the image sequence. The loc
tions of the bridge’s frontr 8 ~see crosses in Fig. 2! at various
time t8 are then obtained by finding the edges of the resul
space time diagram, and the result is shown in Fig. 3. Du
the rapid dynamics in the initial stage of the coalescence,
important to locate the initial drop contact time accurate
The following procedure is adopted for obtaining the init
time. We fit the experimental data in Fig. 3 to a functiont8
5to81A* (r 82r o8)

2, and fitted parametersto8 andr o8 are used
as initial time and center of the bridge, respectively. The ti
t is then defined ast5t82to8 , and bridge radiusr b5ur 8
2r o8u. Figure 4 shows plots of dimensionless bridge wid
r b /R as a function of the square root of the dimensionl
time (t/t)1/2 for water drops of various radii~0.05–0.35 cm!.
Data sets taken from different drop radii collapse well in
one line when plotted in dimensionless form. This demo
strates thatr b /R}(t/t)1/2, which leads tor b /t1/2}R/t1/2

}R1/4, as predicted by the theory of Eggerset al.
The uncertainty of the time measurement is 100ms,

which is determined by the frame rate of the camera. Thi
shown by the error bar in Fig. 3. The uncertainty in leng
measurement is one pixel, which is 2.10–5.50mm depending
on the magnification of the lens assembly. It is about the s
of the symbol in Fig. 3. The limitation in time measuremen
shows up for data taken from smaller drops~see circles in
Fig. 4!, since the characteristic time is}R3/2. However, the

FIG. 3. The locations of bridge’s frontr 8 at various timet8. Data are
extracted from image series shown in Fig. 2.1 is experimental data and line
is a fit to t85to81A* (r 82r o8)

2, whereto8 , r o8 andA are fitted parameters.
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discreteness of the data did not affect its overall linear na
as shown in Fig. 4.

The above experiments were repeated using glycer
water mixture ~viscosity ;14.4 times that of water!, and
methanol~surface tension;1/3 that of water!. The results
are shown in Fig. 5. In all cases, the bridge width scaling l
r b}t1/2 is followed, and the dimensionless prefactor is ind
pendent of drop radius supporting the relationr b /t1/2}R1/4.
The average dimensionless prefactor for methanol is 1
60.05, water–glycerol mixture 1.0360.07, and water 1.09
60.08. The dimensionless prefactors for water and wat
glycerol drop coalescence are the same within
experimental errors. The dimensionless prefactor for me
nol, however, is about 20% higher. The differences of dr
coalescence using different fluids also show up in the sh
of the interface between the air and the drop near the liq
bridge as shown in Fig. 6. Capillary waves are clearly se
travelling along the air drop interface for methanol and wa
drops, while absent in the case of water–glycerol mixtu

FIG. 4. Bridge width as a function of square root of time for water drops
various radii.

FIG. 5. Scaling prefactors obtained from experiments usings water; 1
water–glycerol mixture; andn methanol drops. The straight line is from th
numerical simulation of Ducheminet al.
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FIG. 6. Time series of images take
by the high speed camera. The tim
between consecutive frames is 100ms.
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drop. The;90° corners along the air drop interface near
bridge shown in frames 3, 4, and 5 of methanol drop coa
cence~Fig. 6! and of water drop coalescence~Fig. 2! are
absent in the case of water–glycerol mixture drop~Fig. 6!.

The earlier version of the experiment was carried out
a Teflon coated Plexiglas surface.12 Liquid ~water and water–
glycerol mixture! drops are formed on the surface of th
substrate by pumping the fluid through two 120mm diameter
holes~2 mm apart! in the Plexiglas substrate via two separa
embedded microchannels. The drop size is approximately
same as the distance between the two holes. We found
the early time evolution of the bridge width as well as the
drop interface near the bridge of drop coalescence are sim
to those reported above. The scaling law ofr b}t1/2 is fol-
lowed for all the experimental runs. The dimensionless sl
is measured to be 1.14–1.33, in which the two drops are
made entirely equal in size. The radius variation ranges fr
8–45%.

In summary, we studied experimentally the early tim
evolution of the liquid bridge formed when two drops mer
with negligible velocities in air using water, water–glycero
mixture, and methanol. The bridge width is found to follo
the r b /R}(t/t)1/2 scaling law, which agrees well with th
theoretical prediction of Eggerset al. Using drops of various
sizes, we confirmedr b /t}R1/4. By using three different flu-
ids, we showed that the fluid properties have little influen
on the dimensionless scaling law prefactor, however, it d
modify the shape of the interface between the air and
drops near the liquid bridge. The experimentally measu
dimensionless prefactors~1.29, 1.09, and 1.03! are lower
than 1.62, predicted by Ducheminet al. for inviscid drop
coalescence. It is not clear to us why the dimensionless p
actor for methanol is 20% higher that those of water a
water–glycerol mixture. At first, we suspected that it is d
to the evaporation of methanol during the experiment.
therefore measured the surface tension of methanol in
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open and a closed environment using a drop volume meth
The results excluded such possibility.

Currently, we are studying fluid motion initiated by th
rapid release of interfacial stress during the early stage
drop coalescence on a hydrophobic surface of a microflu
device. The possibilities of using this fluid motion to enhan
drop–drop mixing in a microfluidic device is promising, a
the Reynolds number of the surface tension driven fl
sr b /rn2 can easily reach an order of a few thousands
drop coalescence using low viscosity fluids such as wate
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