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Identification of embedded interlaminar flaw using inverse analysis

NARAYANAN RAMANUJAM1, TOSHIO NAKAMURA1,∗ and MASATAKA
URAGO2

1Department of Mechanical Engineering, State University of New York at Stony Brook, Stony Brook,
NY 11794
2Department of International Development Engineering, Tokyo Institute of Technology,
Tokyo 152-8550, Japan
*Author for correspondence (E-mail: toshio.nakamura@sunysb.edu)

Received 24 June, 2004; accepted in revised form 13 January 2005

Abstract. The integrity of a composite laminate can be greatly affected by an existence of embedded
interlaminar flaw. In general, identification of such a flaw often requires expensive tools and tedious
processes. The aim of the present work is to develop a novel method with the aid of an intelli-
gent post-processing scheme, thereby not relying on those sophisticated experiments. Essentially the
proposed procedure utilizes an inverse analysis to estimate unknown delamination parameters from
limited measurements. The procedure first constructs approximate functions relating the delamination
parameters to measurement parameters. Then, a multi-dimensional minimization technique is adopted
to search for the best estimates of unknown parameters corresponding to the lowest value of error
objective function. In the present verification and simulation analyses, surface strains at discrete loca-
tions on a composite laminate under three-point bending are selected as the input measurements.
Although reasonable estimates are obtained with these measurements, to increase their accuracy, the
deflection at load point is also included as measurement input. Additional improvements are observed
when those measurements under multiple loading conditions are included. A detailed error sensitiv-
ity analysis is also carried out to confirm the method’s robustness. These results suggest the current
method to be one of the alternate identification approaches for detecting a single embedded delami-
nation in composite laminates.

Key words: Composite laminate, downhill simplex method, genetic algorithm, interlaminar flaw, inverse
analysis.

1. Introduction

Composite laminates such as carbon fiber reinforced plastics (CFRP) are widely
used in various engineering applications including aerospace, mechanical, and civil
engineering owing to their excellent mechanical properties. However, their proper-
ties may significantly weaken when embedded interlaminar flaws/delaminations are
introduced due to mal-fabrication process, imperfections, misalignment of fibers, and
cyclic loads. Due to the mismatch in material properties of lamina, cross-plies are
prone to decohesion between lamina. Figure 1 shows the micrograph of [0/90]2s

cross-ply containing an embedded delamination. The delamination was generated
during 100,000 tensile load cycles at 50% of ultimate load. The weakening of interla-
minar bonding can also take place when composites are subjected to harsh environ-
mental conditions of high temperature and humidity.
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Figure 1. SEM micrograph showing interlaminar delamination of [0/90]2s cross-ply. The composite
laminate was subjected to 100,000 fatigue cycles of uniaxial load at 50% of ultimate tensile load.

Composite laminates with delamination may no longer retain designed strength
when subjected to large impact or compressive loads. In fact, they can fail by
various failure modes such as global and local buckling, kink band formation
and broadening and/or delamination growth as characterized by Wu et al. (1998)
where various failure modes were identified for flat panels and cylindrical shells.
Nakamura et al. (1995) also showed that embedded delamination in composite could
trigger a collapse at lower loads than the original critical buckling load. The delam-
ination behaviors under dynamic loadings were studied by Grady and Sun (1986),
Sun and Manoharan (1989) and Wang et al. (1984). These investigations underlined
the importance of identifying such a delamination to assess the residual strength of a
composite panel and prevent possible catastrophic failures. However, embedded flaw
detection in composites is usually more difficult and complex than in homogenous
plates due to their complex structural arrangement.

Commonly, non-destructive evaluation (NDE) techniques such as ultrasonic
inspection, electric resistance method, vibration response, infrared thermal images,
and eddy current test are used to detect delamination type defects. Sakagami and
Ogura (1994) employed infrared thermal images to detect the delamination with sin-
gular and insulation methods. Aymerich and Meili (2000) performed an ultrasonic
inspection to detect delamination and discussed the combination of normal and
oblique incidence pulse-echo ultrasonic techniques. Leung et al. (2001) introduced the
fiber-optic interferometric technique where integrated strain along an embedded or
surface attached fiber was measured as a function of load position. The eddy current
test to detect delamination with special probes was shown by Mook et al. (2001). Xu
et al. (2001) adopted a neural network to obtain estimates of delamination location
and length from time-harmonic response of the specimen. Todoroki (2001) performed
the electric resistance method to detect delamination in CFRP laminates and deter-
mined the required number of electrodes with the neural network and response sur-
face method. Recently, piezoelectric materials have been used to detect delamination
type defects. For an example, Tan and Tong (2004) have developed a one-dimensional
analytical model to detect an embedded delamination using a piezoelectric fiber
reinforced composite sensor and actuator. Yan and Yam (2004) detected tiny and
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local delamination in composite laminates using piezoelectric patches by studying
dynamic responses of structure. Regardless of the method, most of these investiga-
tions require complex/expensive tools to detect flaws and damages. A recent review
of NDE techniques by McCann and Forde (2001) also noted the high cost of
inspection.

The main goal of this study is to explore an alternate detection method that does
not rely on expensive measurement tools but still offers robust delamination identi-
fication. An efficient inverse method that post-processes the limited measured record
is proposed. Recently, inverse analysis approaches are being increasingly implemented
in mechanical problems. For an example, Frederiksen (1997) has proposed an inverse
approach for the identification of elastic properties of orthotropic plates. Moreover,
various inverse analysis based techniques have been applied to detect delamination
type flaws. Liu and Chen (2001) have used an inverse technique to identify the pres-
ence, location and orientation of flaw in the core layer of sandwiched plates. Here,
the response of plates was initially estimated by finite element analysis. A genetic
algorithm was also employed to search the flaw parameters. Ishak et al. (2001) have
shown an adaptive multi-layer perceptron (MLP) network for inverse identification of
interfacial delaminations in carbon/epoxy laminated composite beams.

When complex materials such as composites are inspected, it is essential to have
an intelligent process to filter out critical information from available measurement.
The proposed inverse method is designed to process those measurements that do not
relate directly to the unknown parameters. Here the unknown delamination parame-
ters are the location and size of the embedded flaw while the indirect measurements
were chosen as surface strains and load-point deflections. The details of the proce-
dure and the manner of implementation are described next.

2. Inverse analysis approach

The physical responses of many complex systems can be defined by a set of
model/state parameters that are not directly measurable. It is however possible to
define observable/measurable parameters that have relations with unknown state
parameters (Tarantola, 1987). In this study, unknown parameters were set as the
location and size of interlaminar delamination, and strain and deflection measure-
ments are selected as the observable/measurable data.

In the approach to determine these unknowns, an inverse analysis is utilized here.
Often, in this type of work, a major effort is consumed in finding an appropriate
inverse procedure for the intended purpose. An improper method can lead to erro-
neous estimation. Furthermore, once the suitable technique is chosen, it must be tai-
lored to fit the given problem. These processes take intensive trials and error study. In
the current method, an objective function, which quantifies an accuracy of estimates,
is first formulated. Here, forward/reference solutions that relate measured parame-
ters to the unknown parameters are also established. Then an inverse process was
required to find the unknown parameters that yield the lowest value of error objective
function. These values are regarded as the best estimates of unknowns. In this analy-
sis, the search for the best estimates is carried out with the downhill simplex method,
which is a multi-dimensional minimization algorithm. The details of this algorithm
are described in Section 2.4.
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2.1. Embedded delamination model

To verify the procedure, a four-ply [0/90]s composite laminate containing the embed-
ded flaw as shown in Figure 2a is considered. Here, the delamination location is
measured from the mid-span to the center of delamination and denoted as s. Also
the delamination length is denoted as 2a. The through-thickness interlaminar delam-
ination is assumed to be embedded between the 3rd and 4th layers from the top.
Although this depth location of delamination is pre-determined, our separate anal-
ysis showed the delamination depth location to have a small effect in estimating the
unknown parameters, s and 2a, respectively. Furthermore, the present model can be
easily modified for cross-ply composite laminates with many more layers. In such
laminates, the exact depth location of delamination cannot be determined. How-
ever, in general, the ply-interface locations of delaminations are not so critical in
assessing the residual strength of composite laminate. If the laminate were to be
repaired, the entire section must be fixed. Similarly, if multiple delaminations exist
near the same in-plane location but at different ply-interfaces, the present method
should still be able to estimate the (in-plane) delamination location albeit with a
slightly longer delamination estimate. In other words, the criticality due to exis-
tence of delaminations in such cases can be approximated with the present method
with single delamination assumption. However, when multiple delaminations are not

Figure 2. (a) Schematic of [0/90]s laminate containing an embedded interlaminar delamination sub-
jected to three-point-bend. Vertical scales are magnified by two times for clarity. (b) Finite element
mesh near the load-point.
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located in the general vicinity of one another, the present method is likely to be
ineffective in its estimations.

In the four-ply model, the laminate thickness is denoted as h while the length
is set as 2l(=25h). In each ply, the material is assumed to be transversely isotropic
and their linear anisotropic properties are EL =125 GPa, ET =8.50 GPa, νLT =0.330,
νT = 0.176 and GLT = 4.7 GPa, respectively. Here the subscript ‘L’ indicates the fiber
direction while the subscript ‘T’ indicates the transverse direction. The laminate is
subjected to three-point-bend loading as shown in Figure 2a. If an interlaminar
delamination exists, it should be reflected upon axial strains due to increased compli-
ance. The effect of delamination in composite laminate can be also observed under
uniaxial compression. However such an effect is minimal when the load is less than
the buckling load. Furthermore, the delamination has no effect on buckling load if its
length is less than 20% of laminate length, which is usually many multiples of thick-
ness (Wu et al., 1998). The axial strains are measured at discrete surface locations on
the opposite side of the load application as shown. In the analysis, the total num-
ber of gages is set eight although any number of gages can be accommodated in the
present procedure. In general, required number of gages is dictated by the gage spac-
ing and the total span of laminate that needs to be inspected. The gages in the pres-
ent model are spaced 2h apart and the strain measurements are denoted as ε1 ∼ ε8,
respectively. The gage spacing should be set according to the minimum delamination
size to be identified. With large gage spacing, it would be difficult to detect small del-
aminations whereas small spacing will require more gages. Regardless, it is difficult to
detect delaminations that are less than the laminate thickness (2a/h< 1) since such
delaminations do not influence the deformation characteristics. However, in general,
small flaws are not immediately detrimental to the structural integrity, as long as they
are detected before they grow to critical sizes.

In the present verification analysis, finite element calculations are carried out to
generate simulated strain measurements. The radii of the loading pin as well as the
support pins are chosen as 0.5h. Figure 2b shows an enlarged portion of the finite
element mesh. An automatic mesh generator code was developed to construct models
with various delamination sizes and locations. Along the delamination, contact con-
ditions are enforced to prevent surface overlapping. A typical model contains about
5600 four-noded generalized plane strain isoparametric elements. Here, smaller ele-
ments are placed near the interface of the 3rd and 4th layer to accommodate higher
stresses near the delamination.

2.2. Delamination-deformation relation

Existence of interfacial delamination can influence the deformation behavior of the
laminate. The exact nature of delamination–deformation relation is very complex
and a closed form solution is not generally available. However, so-called forward
solutions are still needed to search for the best estimates. Here, finite element cal-
culations are carried out to establish the delamination–deformation relation for var-
ious delamination sizes and location. In an iterative type of inverse analysis such as
this, the forward solutions are referenced during updating. If calculations were per-
formed for each estimate, the total number of calculations would be very large, and
such a process would be prohibitively time-consuming. To circumvent this difficulty,
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a feasible approach is adopted in the present procedure. A reference/forward solu-
tion that relates the delamination parameters to measured parameters is established
prior to the error minimization process. A number of finite element calculations are
carried out for discrete combinations of delamination location and size to determine
corresponding strains and deflections. To approximate the strains and deflection at
other combinations of s and 2a, bilinear interpolation functions are utilized. With
this approach, the total number of required computations is kept at a reasonable
level. The axial strain at αth strain gage, εα(s,2a), is expressed as a continuous func-
tion of the delamination parameters as

εα(s,2a)≈
p∑

i=1

q∑

j=1

εα(si,2aj )Nij (s,2a). (1)

Here, si is the ith sample point within the range of delamination location, 2aj is the
j th sample point within the range of delamination size, and Nij is the correspond-
ing bilinear interpolation function. In this study, the range of values for delamina-
tion location is −7 � s/h� 7 while for delamination size, it is 1.38 � 2a/h� 5.50. In
actual applications, these ranges should be selected according to the delamination
size considered to be critical and the span of laminate to be inspected. The values
of εα(si,2aj ) in (1) are obtained from performing various finite element calculations.
In the calculations, 15 different values (equally incremented) for the delamination
location and 12 different values (equally incremented) for the size are selected. Thus,
total of 180 separate models are constructed and computed. Several other increments
were also tested and it was found that these intervals provide sufficiently smooth and
accurate functions of strains. Similar interpolation functions are also used for the
deflection.

To illustrate an effect of delamination, the strain at the 3rd gage located at
x/h = −3 is shown as a function of delamination size and location (i.e., ε3(s,2a))
in Figure 3. Here, the strain is normalized by the reference strain εref , which corre-
sponds to the strain without delamination. A pronounced effect of delamination is

Figure 3. Normalized strain at the 3rd gage for various delamination sizes and locations. Peaks and
valleys represent effects of delamination location and size.
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observed when it is in the vicinity of the gage (x/h=−3). Also the deviation from the
reference strain generally increases with the delamination size. However, as expected,
when the delamination is away from the gage, essentially no effect is observed. The
flat plateau on the three-dimensional surface is an indication of no effect of delami-
nation on this strain gage. These results clearly suggest not only that gages near the
delamination can detect the existence of flaw but also the importance of proper gage
spacing.

2.3. Error objective function

In order to extract the unknown parameters, the present procedure minimizes the
difference between the actual measurements of strains and the strains corresponding
to estimated delamination parameters. If sest and 2aest are the estimated delamination
location and delamination size, respectively, then the error objective function for n
strain measurements can be formulated as

�(s,2a)= 1
n

n∑

α=1

(
εα(s

est,2aest)− εmeas
α

εref
α

)2

. (2)

Initially, the number of strain measurements is selected as n=8. The minimization of
this objective function should lead to the best estimation of delamination parameters.
The search for the best estimates is performed with the downhill simplex method for
multivariate problems as discussed next.

2.4. Downhill simplex method

The downhill simplex method was originally proposed by Nelder and Mead (1965).
It is one of the more popular multi-dimensional optimization methods when deriva-
tives of objective function are either unavailable or discontinuous. The computational
strategy involved in this method is unique in comparison to other multi-dimensional
algorithms since it is self-sustained and does not make use of any one-dimensional
algorithm as a part of its procedure (Press et al., 1992). However, potential disad-
vantage of this method includes possibility of collapse in convergence process as the
method might terminate prematurely at a steep valley (Jacoby et al., 1972). Choosing
a large number of initial guesses can usually circumvent this problem as implemented
in the present approach.

The downhill simplex method can find solution in an infinite domain although the
present problem will have a finite domain. In the case of an optimization problem
with m unknown parameters, the number of vertices of a simplex is m+ 1. With two
unknown parameters here, the shape of simplex is a triangle for the optimization pro-
cess and a simplex is defined through three points or sets of estimates. The first point
can be chosen arbitrarily within the domain. The other two points are chosen in such
a manner that they enclose a non-degenerate area. As noted earlier, since some esti-
mates might get trapped in valleys (i.e., local minima), it is necessary to choose many
different sets of initial estimates. In the present analysis, the number of initial points
chosen is 729(=27×27) within the domain. The three vertices forming the initial sim-
plex are adjacent to each other and form a right-angled triangle. The method searches
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for minima of the function by making a series of moves. Details of the downhill sim-
plex method are described in Appendix A. The search process terminates when the step
size becomes very small or when the number of iterations reaches 1000.

3. Verification study

3.1. Identification with strain measurements

Initially, only strain measurements under three-point-bend load applied at the
mid-span of the model were used to determine the unknown parameters. For the ver-
ification of the proposed approach, the delamination parameters were set as s/h =
1.75 and 2a/h=3.50, respectively. After the finite element calculation, simulated strain
measurements were supplied as the input to the inverse method. The correspond-
ing computed strains ε1, ε2, . . . , ε8 are normalized and shown in Figure 4a. As pre-
dicted, the gages numbers 5 and 6 (at x/h = 1 and 3) show large deviations from
the reference strain as they are close to the delamination location. However, other
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Figure 4. (a) Normalized strain at eight locations under three-point bend for s/h = 1.75 and 2a/h =
3.50. (b) Local and global minima are shown in the domain of unknown parameters. At each point,
corresponding log � value is noted. Exact solution is also shown for reference.



Identification of embedded interlaminar flaw 161

strains are almost identical to the reference strain. With these results as input, the
error objective function in (2) is minimized with the downhill simplex method.

The results are shown in Figure 4b. Here, 729 initial points are chosen and the
downhill simplex method is performed for each case. The figure shows locations where
different initial points converged. These converged locations are termed as local min-
ima and shown with open circles. These locations also represent valleys where the esti-
mates get trapped. Note each circle contains many different initial estimates. In order
to identify the global minima and best estimates, the value of the objective function
(2) is computed at each local minimum. Note one cannot compare total numbers of
initial estimates converged at local minima to determine the global minimum. In the
figure, logarithmic value of objective function is noted at each local minimum. The
point having the smallest log � is labeled as the global minimum. Its location in terms
of s/h and a/h are chosen as the best estimates of unknown parameters. In the figure, the
global minimum, shown with a shaded circle, has the values of s/h=1.6 and 2 a/h=4.4,
respectively (exact/input values are s/h=1.75 and 2 a/h=3.50). Although the estimate
of delamination location can be acceptable, the estimated size is not satisfactory. The
main cause for this error can be attributed to the functional dependence of strains on
the delamination parameters. From many finite element calculations for various values
of s and 2a, it was observed that strains were strong functions of delamination location
but generally weak functions of delamination size. Hence, strain measurements alone
cannot yield accurate predictions for delamination size. An improved procedure for
better estimation is described next.

3.2. Identification with strain and deflection measurements

In order to improve the estimates, it is necessary to find an additional measurement,
which is sensitive to the delamination size. It is also important that such a measure-
ment be obtained without a significant increase in experimental effort. In view of
these, the deflection at loading-point is tried as an additional input in the identifi-
cation process. With an instrumented tensile machine, the deflection can be simul-
taneously obtained in the three-point-bend test performed to measure strains. With
such an additional input, the objective function is then modified as

�(s,2a)= 1
n

n∑

α=1

(
εα(s

est,2aest)− εmeas
α

εref
α

)2

+
(

δ(sest,2aest)− δmeas

δref

)2

. (3)

Here, δref is the reference deflection when the laminate contains no delamination.
Here, the forward solutions, δ(sest,2aest), is constructed in a similar manner as the
strains from finite element calculations. The deflection of the loading pin at the cen-
ter for various combinations of delamination locations s and lengths 2a is shown in
Figure 5. Except near s/h=0, the slope of surface is steep along 2a/h, which indicates
the deflection to be a strong function of the delamination size. Hence, the combined
inputs of strains and deflection should improve the estimates.

To examine the accuracy, delamination parameters with s/h=1.75 and 2a/h=3.50
were again tested. For this model, the deflection at load point was computed as
δmeas/δref = 1.039. This additional information is supplied in the objective function
(3), and � is minimized with the downhill simplex method. The local and global
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Figure 5. Normalized deflection at load-point for various delamination sizes and locations. The sur-
face variation implies a strong dependence on delamination size (i.e., 2a/h).

minima obtained are shown in Figure 6. A notable improvement is the reduction in
scatter for the local minima. This suggests that greater numbers of initial points have
converged to a fewer minima than those in the previous case. The best estimates cor-
responding to the global minimum were identified as s/h=1.4 and 2a/h=4.0, respec-
tively. These values are incremental improvement over the previous estimates. Note,
however, for some other values of s/h and 2a/h, tested, greater improvements are
observed with the additional deflection input. In fact, the accuracy of the estimates
is not constant with different values of delamination parameters (see Section 4 for
the error sensitivity analysis). Furthermore improvements are still needed for the pro-
posed approach to be effective for any values of delamination parameters.

3.3. Identification with measurements under multiple loading conditions

An importance factor in the proposed identification method is to keep required
measurement process as simple as possible. In this method, a major effort must be
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Figure 6. Local and global minima are shown in the domain of unknown parameters (with exact val-
ues, s/h=1.75 and 2a/h=3.50). They were obtained with eight strain measurements and a deflection
measurement. At each point, corresponding log � value is noted.
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consumed for bonding of various strain gages. However, so-called strip gage, which
usually has 10 equally spaced gages, is available today. With this gage, only a sin-
gle bonding of the strip is required. Regardless, once the gages are attached, strains
under different loading conditions can be found relatively easily. Hence, additional
loadings are considered to provide additional measurements in the inverse analysis.
Although these additional inputs may not offer substantially new information to the
inverse analysis, they can still improve the estimates. Figure 7 shows a schematic of
three-point bend with loading at the center, left and right of the model. The first
case corresponds to the initial load case while the latter two cases are additional load
cases. They are denoted as load cases 1, 2 and 3, respectively. Altogether, three sep-
arate loadings are carried out to measure strains and deflections with the total of 24
strain and 3 deflection measurements.

With these measurements, the objective function is once again modified. The new
objective function for m different loading conditions can be expressed as

�(s,2a)= 1
n×m

n∑

α=1

m∑

β=1

(
εαβ(sest,2aest)−εmeas

αβ

εref
αβ

)2

+ 1
m

m∑

β=1

(
δβ(sest,2aest)−δmeas

β

δref
β

)2

.

(4)

Here, the number of loading conditions is m=3, and the subscript ‘β ’ represents the
loading case. Additional finite element calculations were also performed to establish
reference solutions for the two additional cases.

The simulated strains under three different loading conditions are shown in
Figure 8a. As predicted, only ε5 and ε6 (measured at x/h=1 and 3) still showed devi-
ations from the reference strain. However it is interesting to note the strain change
under load case 3 was very different from those under load cases 1 and 2. The phys-
ical explanation is that the loading point of case 3 is located right while the loading
points of cases 1 and 2 is located left of the delamination, which result in reverse
strain behaviors at gages 5 and 6. The normalized deflections under three loading
conditions were δmeas

1 /δref =1.039, δmeas
2 /δref =1.017 and δmeas

3 /δref =1.017, respectively.
As previously noted, these results suggest that the deflection is nearly indifferent to
the delamination location unless the delamination is located in close vicinity of the
loading point.

Using these measurements, the objective function (4) is minimized with the down-
hill simplex method. The resulting local and global minima are shown in Figure 8b.
With these additional inputs, the total number of local minima further decreased

Figure 7. Schematic of four ply [0/90]s laminate under three different loading conditions. The loading
at the center, left and right are termed as load cases 1, 2 and 3, respectively.
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Figure 8. (a) Normalized strains for s/h=1.75 and 2a/h=3.50. (b) Local and global minima are shown
in the domain of unknown parameters. They were obtained with 24 strain and 3 deflection measure-
ments. At each point, corresponding log � value is noted.

and the global minimum approached very close to the exact solutions. The best esti-
mates at this location is s/h = 1.9 and 2a/h = 3.5 (with exact values s/h = 1.75 and
2a/h = 3.50). These results confirmed the improvements of estimates with the addi-
tional measurements and the effectiveness of proposed inverse procedure to identify
the unknowns. As previously noted, the convergence behavior varies with different
values of delamination parameters. Furthermore, actual experimental measurements
always contain some errors. Thus, for this method to be robust, it must be able to
determine accurate estimates under various conditions. These aspects are studied in
the next section.

4. Error sensitivity analysis

In general, estimates of an inverse analysis are influenced by measurement errors.
In order to assess the robustness of inverse analysis approach, its ability to esti-
mate the parameters with presence of measurement errors must be evaluated. Exam-
ples of error sources for strain measurements include misalignment of gages and
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imperfections introduced while bonding. Also, actual gages record a strain averaged
over the area it occupies. In the current analysis, pointwise strain measurements are
considered. Although the averaged strains can be easily used in the reference solu-
tions, if deviations arising from the averaging are small, this effect can be included
as one factor in the error sensitivity analysis shown here. Since the strain variation
over any single gage should be approximately linear, we expect any deviations to be
very limited (say within ∼1%).

In the detailed error sensitivity analysis, simulated measurements were perturbed
with additions of small values determined randomly. The maximum bound of errors
in the strain measurements are set as ±2% while ±1% is used for the deflection mea-
surements. A smaller measurement tolerance is assumed for the deflection since it
generally provides more accurate results than those of strain. Within these ranges,
randomly generated errors are artificially added to the originally computed strains
and deflections. Since a single modified case does not elucidate the overall character-
istics of error sensitivity, 50 different cases with different sets of error perturbations
were analyzed. For each case, the inverse method was performed as described in Sec-
tion 3. First, local minima are determined, and then global minimum with the low-
est value of objective function is identified. This process is repeated 50 times for each
model presented here.

First, the error analyses are carried out for the procedure described in Section 3.1
to confirm that unsatisfactory results with just eight strain measurements are not
unique. Figure 9a shows the global minima represented by the gray circles for 50
different cases. The local minima of each case are not shown here for clarity. None
of these global minima is close to the exact solutions as shown in the figure. This
proves that strain measurements alone cannot yield accurate estimations.

Next, the error sensitivity analysis is carried out with the improved identification
procedure described in Section 3.3. In the result shown in Figure 8b without error,
almost exact values are estimated with 24 strain and 3 deflection measurements. Here
50 separate sets of measurements are generated with additions of random errors. The
global minimum of each case is shown in Figure 9b. Although there is still a small
scatter along the range of delamination length, all of the global minima are well
contained close to the exact values. This result should support the robustness of the
present method to estimate the unknown delamination parameters.

The convergence behavior is also influenced by particular values of delamination
sizes and locations. For completeness, the error sensitivity analysis was performed for
different sets of delamination parameters. First, a model with s/h=−3.38 and 2a/h=
4.25 was considered. Similar computations are carried to generate simulated mea-
surements. Then random errors are added to these measurements and the downhill
simplex method was performed for 50 different cases. The resulting global minima
are shown in Figure 10a. The global minima are clustered in a small domain very
close to the exact solution. This shows that highly accurate estimates are obtained
even with the measurement errors. Another model with different parameters was also
examined. Here they are chosen as s/h= 4.50 and 2a/h= 2.88, respectively, and their
global minima are shown in Figure 10b. In this model, the global minima are some-
what more spread around the exact solution. The increased scatter is due to the
smaller size of delamination. In smaller delamination models, the relative magnitudes
of added errors with respect to the strain deviation (|εmeas − εref |) and deflection
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Figure 9. Global minima determined in the error sensitivity analysis are shown for s/h = 1.75 and
2a/h=3.50. Here 50 separate analyses (with different random errors added to measurements) are per-
formed in each model. (a) Identification with eight strains. (b) Identification with 24 strains and eight
deflections.

deviation are greater. Thus, one would observe greater error. Nevertheless, the scatter
is still well contained even for the small delamination. Although, in actual implemen-
tation of the method, other sources of error must be accounted, the error sensitivity
analysis supports the effectiveness of the proposed procedure. Other values of delam-
ination parameters were also tested but not shown due to page limitation. Although,
some differences in the scattering behaviors were observed, general trends were
consistent with the models presented here.

5. Discussions

A novel approach based on an inverse analysis technique was proposed to identify
embedded interlaminar delamination in composite panels. The scheme was developed as
an alternative approach to more costly flaw detection techniques. Surface strains
and deflections resulting from bending tests were chosen as possible measurements.
Applicability of a stochastic procedure, ‘downhill simplex method’ was demonstrated
as a potential tool in the identification of unknown delamination parameters. In
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Figure 10. Global minima determined in the error sensitivity analysis are shown in the domain of
unknown parameters. For each multiple loading case, 50 separate analyses (with different random
errors added to measurements) are performed. (a) Identification with s/h=−3.38 and 2a/h=4.25. (b)
Identification with s/h=4.50 and 2a/h=2.88.

the verification analysis, four-ply laminate is used as the test model and simulated
measurements are obtained for different values of delamination size and location.
Improvements in the procedure are made during this analysis. When strain and deflection
measurements obtained from three different loading conditions are used, the proposed
procedure yielded accurate estimates. The steps of the current inverse analysis procedure
are outlined in Figure 11. Key features of this approach can be described as follows:

1. In order to construct forward/reference solutions a priori, measurable parameters
are constructed as approximate and continuous functions of unknown delami-
nation parameters using finite element calculations and interpolation functions.
This approach reduces the computational cost during the search process.

2. The error objective function that expresses the accuracy of estimates is clearly
established.

3. The downhill simplex method is utilized to search values corresponding to the
minimal objective function. The technique is very effective when gradients of
objective function are not available.
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Figure 11. Outline of inverse analysis procedure to identify unknown parameters.

4. In order to improve the estimates with minimal additional efforts, strain and
deflection measurements under multiple loadings conditions are included in the
identification process.

5. The error sensitivity study confirms the robustness of the proposed method even
with expected measurement errors.

Prior to implementing this procedure in actual experiments, it is important to clar-
ify some limitations. First, the model assumes only single delamination to exist. In
reality, multiple delaminations might exist both along the same ply interfaces and
across different interfaces. When the delaminations are across different ply interfaces
at nearly same locations, the proposed method should be still effective although the
estimates will show up as a larger delamination at about the same location. If multi-
ple delaminations are at different in-plane locations, then the current method cannot
uncouple their responses although the general locations of delaminations can still be
detected from strain measurements. Second, the proposed method does not assume
other types of damage in the composite (e.g., surface degradation due to environ-
ment). If they are present, strain and deflection measurements may be affected.
Third, the present verification study was performed for two-dimensional through-
delamination model. However, in actual composite laminate, flaws may be entirely
embedded. The proposed method can be extended with proper modifications in such
cases. However, more complex three-dimensional study will be required and strain
measurements must be made over a surface instead of along a line. Obviously the
number of unknowns would increase (e.g., 2ax,2ay, sx and sy) and more efforts will
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be needed to obtain accurate estimates since the deflections would be less sensitive
to entirely embedded delaminations. A further study will be required to assess the
robustness of such a procedure.

In addition to the downhill simplex algorithm, an alternate minimization algo-
rithm was also tested for potential applicability. Here, a genetic algorithm, which was
inspired by the evolution theory proposed by Darwin, was examined. The algorithm
operates on a given population of m chromosomes (estimates – si and 2ai , where
i =1,2, . . . , n). Then, a new population is generated by performing four steps namely,
selection, crossover, mutation and replacement, and the fitness is evaluated at each
estimate. A new generation (iteration) is populated until the termination criterion is
achieved. In this problem, m was chosen as 30 after trials and the criterion was set
as, |�min(s

n+1,2an+1)−�min(s
n,2an)|/�min(s

n,2an)�1×10−7. Here �min(s
n,2an) rep-

resents the lowest fitness/objective function value in nth iteration. Convergence was
achieved generally after 100 iterations. For the cases with 24 strain and 3 deflection
measurements, the estimates were almost identical to ones determined with the down-
hill simplex method. One potential advantage of genetic algorithms is that mutation
steps of the algorithm take care of avoiding local minima. However, the genetic algo-
rithm takes a longer time (roughly 10 times) to converge to the solutions. Further
details about genetic algorithms can be found in Goldberg et al. (1989).
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Appendix A

The downhill simplex method minimizes the objective function by taking a series of
steps. The shape of the simplex chosen here is a triangle defined by a set of three
points. Suppose p1, p2 and p3 are denoted as three points on s–a plane and the
objective functions at these points are such that �(p1)<�(p2)<�(p3), where p1 =
(s1,2a1), p2 = (s2,2a2) and p3 = (s3,2a3) corresponding to three different delamination
parameters. The four types of steps are outlined below.

Step 1: Reflection – Most of the steps in a Downhill Simplex Method are reflec-
tions. This step moves the highest point (where the value of objective function is
larger than at the other two points) through the opposite face of the simplex to a
supposedly lower point (where the value of the objective function is expected to be
lower than at the highest point), thereby flipping the triangle by 180◦. This step is per-
formed in an attempt to move the triangle closer to the exact solution of the prob-
lem. The reflected point (pr) is found as

pr =2pm −p3. (A1)

Here, pm = (p1+p2)/2. Note that the highest point here is p3. The objective function
evaluated at the reflected point is �r =�(pr).
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Step 2: Reflection and expansion – The second type of move is termed as reflec-
tion and expansion. This is performed when the value of objective function further
drops along the line of reflection of the highest point. This step is designed to further
accelerate the process of convergence. The corresponding point (pe) is

pe =pr + (pm −p3). (A2)

The objective function evaluated at this point is �e =� (pe).
Step 3: Contraction – Moving the highest point in an attempt to decrease the area

enclosed by the simplex, yields a third move termed contraction. This step is usually
performed when reflection of the highest point does not cause further decrease in the
value of the objective function. The idea here is that the local minimum lies within
the triangle. The point corresponding to contraction (pc) is

pc = (pm +p3)/2. (A3)
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Figure A1. (a) Initial points to perform the downhill simplex method. An enlarged right-angled trian-
gle that is the typical shape and size of the initial simplex is shown. (b) Possible moves of downhill
simplex method in the domain of unknown parameters. The points are arranged so that the values
of objective functions are �(p1)<�(p2)<�(p3).
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Figure A2. Flowchart for the downhill simplex method.

The objective function evaluated at this point is �c =�(pc).
Step 4: Multiple Contraction – The fourth move called multiple contraction occurs

when all vertices of the simplex pull around its lowest point (Press et al., 1992). This
is performed when contraction does not cause a decrease in the objective function
of the point under consideration. The lowest point here is p1. So, there are two new
points to be evaluated here. Let them be denoted as p2

mc and p3
mc. They are found as

p2
mc = (p1 +p2)/2 and p3

mc = (p1 +p3)/2. (A4)
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Figure A3. Movement of simplex for the s/h= 1.75 and 2a/h= 3.50 case. The location of the initial
simplex is noted. Local minimum after performing the downhill simplex method is highlighted.

The objective functions evaluated at the two points are �2
mc = �(p2

mc) and �3
mc =

�(p3
mc). The initial points chosen in this study for performing the downhill simplex

method are illustrated in Figure A1a. Here, a total of 729=27×27 points are chosen
along the range of delamination location s and delamination size 2 a. The various
types of steps are geometrically shown in Figure A1b. The complete flowchart of the
downhill simplex method is shown in Figure A2. The search process terminates when
the step size reaches

∣∣∣∣
�n+1(p1)−�n(p1)

�n(p1)

∣∣∣∣�1×10−7 (A5)

or when the number of iterations reaches 1000. The movement of simplex is shown
for the case with s/h=1.75 and 2a/h=3.50 in Figure A3. Here the initial simplex and
the converged location are highlighted. Note, the movement of simplex is shown only
for one initial location for clarity although many more cases with different initial esti-
mates were carried out in the present procedure.


