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Abstract

This paper introduces a criterion suitable for the simulation of crack propagation in elastic–plastic graded materials.

It proposes a power-law relationship between the two critical failure parameters, surface separation energy and peak

separation stress, which are spatial variants in graded solids. To investigate its feasibility, this criterion is implemented

in finite element models and tested under various dynamic failure conditions. First, dynamic crack propagation in

double cantilever beam model is considered and the effects of the failure parameters are investigated. The results show

crack propagation behavior is highly dependent on the variations of the failure parameters. Evolutions of various

energy components are also monitored during the crack growth to evaluate failure characteristics of graded materials.

Unlike homogeneous materials, crack propagation in elastic–plastic graded materials never attains a steady state and

the fracture energy associated with crack growth continues to vary as the crack propagates through the graded region.

In a subsequent analysis, impact failure of a ceramic–metal graded layer is considered. In this case, multiple crack

initiate and propagate at various locations. Additionally, different through-thickness compositional gradations are

examined to study their effects on cracking profiles and energy absorption characteristics. It is demonstrated that the

cracking substantially alters the overall pattern of energy evolutions even though the energy directly consumed by the

surface separations remains small. This study concludes that similar approaches can be employed for investigating

failure in other inhomogeneous/heterogeneous materials to optimize their design.

� 2003 Elsevier Ltd. All rights reserved.
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1. Introduction

Graded materials or functionally graded mate-

rials (FGMs) are being increasingly considered for
various applications to maximize the strength and
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integrity of engineering components. In a graded

material, the distribution of multiple phases is

spatially varied within the body, which allows for

the optimization of the material compositions, and
their the effective properties for a given application.

Potential applications include materials that are

resistant to dynamic loads and high temperatures

(e.g. Chin, 1999; Suresh, 2001). However, crack

propagation in graded materials is an inherently

complex phenomena, because of spatial variations
ed.
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Fig. 1. (a) Fractured elastic–plastic graded specimen under

three-point-bend load. (b) Load–displacement record of pre-

liminary test, which indicates increasing toughness as crack

propagates into tougher phase.
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in fracture properties. As a result, crack growth

criteria applicable for graded materials must be

able to accommodate non-uniformity in fracture

toughness, which severely limits the applicability

of conventional models developed for fracture

simulation studies in homogeneous materials.
Fracture behavior of FGMs has been the sub-

ject of a number of earlier investigations. For a

metal–ceramic graded materials, an increasing

fracture toughness was observed when the crack

propagated from a ceramic rich region to a metal

rich region (Jin and Batra, 1996; Cai and Bao,

1998; Li et al., 2000). An experimental investiga-

tion of dynamic fracture of such materials, con-
ducted by Parameswaran and Shukla (1998),

demonstrated that the crack advance distance de-

creases with increasing toughness. Marur and

Tippur (2000) showed that the Mode II stress in-

tensity factor is strongly influenced by the material

gradient and crack position due to strong depen-

dence on sliding displacements of the crack flanks.

The influence of elastic gradient profile was also
investigated by Rousseau and Tippur (2001, 2002),

who suggested that the elastic gradient profile had

a larger effect when crack resided on the compliant

side rather than on the stiffer side. Their analysis

also evaluated crack tip fields and stress intensity

factors for cracks parallel to the elastic gradient in

FGMs. Becker et al. (2002) used Weibull statistics

for the predictions of crack toughness and average
initiation angle in brittle FGMs, and evaluated the

fracture behavior for various gradients. Several

analytical studies have also been conducted to in-

vestigate the fracture behavior of graded materials.

Konda and Erdogan (1994) studied singular crack

tip stress field in graded materials, and Konda and

Erdogan (1994) used the conservation integral to

determine the J -integral. An energy-based model
was studied by Kolednik and Suresh (1999) to

quantify the influence of the plasticity gradient on

the fracture resistance. However, it should be no-

ted that most of these analyses assumed either

stationary cracks or linear elastic behavior.

The current analysis focuses on crack propa-

gation in elastic–plastic graded materials. While

this problem has been well studied for the case of
homogeneous solids, investigations for inhomo-

geneous materials, such as graded materials, are
limited. Thus, our objective is to establish a proper

fracture simulation procedure that would be ap-

plicable for understanding the failure behavior of

graded materials. Furthermore, since it is difficult

to perform accurate and meaningful fracture ex-

periments on FGMs, a simulation studies will
provide valuable insights towards characterizing

these materials. As an example, Fig. 1 shows a

fracture test conducted on a graded material. Here

the specimen was fabricated using the plasma

sprayed technique where the volume fractions of

partially-stabilized zirconia (PSZ) and NiCrAlY

are gradually varied. A notched fracture specimen

fabricated from this material was then subjected to
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three-point-bending, and a crack was observed to

propagate from the brittle PSZ phase to the more

ductile NiCrAlY phase. Even though some mea-

surements are made as shown in the figure, given

the small size of the specimen, quantitative inter-

pretation of test data evaluations was difficult.
Thus one has to relay on a simulation study to

characterize the failure mechanisms. Note that

simulations of propagation require the knowledge

of variations in compositions, material and other

properties in the graded region.

Prior to performing a simulation study, it is

necessary to establish a fracture model that can

accommodate non-uniform fracture condition
since graded materials exhibit location dependent

fracture responses. First, a new criterion is pro-

posed. Then, the feasibility of the model is exam-

ined in a dynamic fracture analysis of double

cantilever beam (DCB) specimen. Subsequently,

the proposed fracture criterion is implemented in a

more complex model. Here a ceramic–metal gra-

ded protective layer is impacted by a high-velocity
rod which causes multiple crack initiations and

propagations. The aim is to quantify the influence

of material gradation on the fracture as well as the

energy absorption behaviors. This analysis pro-

vides a computational tool necessary to optimize

material gradation to meet its design requirements.
2. Crack propagation in graded materials

2.1. Fracture model based on energy concept

The Griffith criterion for crack growth in an

ideally brittle elastic solid is given as,

C ¼ Co: ð1Þ
Here Co is the material�s surface separation/frac-

ture energy per unit area, and C is the energy re-

lease rate required for the crack advance. For 2-D

dynamic crack propagation (along x-direction) in
elastic media, C can be computed via the domain

integral as,

C ¼
Z
A
½rijui;jq;j � ðW þ KÞq;1

þ qð€uiui;1 � _ui _ui;1Þq�dA: ð2Þ
Here, rij and ui are the Cartesian components of

stress and displacement, W and K are the strain

and kinetic energy densities, respectively, A is the

area of a domain includes the crack tip, and ð_Þ
denotes time derivative. The weighting function q
has the value of unity at the tip and zero at the

boundary of the domain. The above integral has

been used successfully in computing energy release

rate of dynamically propagating cracks (e.g., Na-

kamura et al., 1986).

For elastic–plastic materials, the total energy

required to propagate a crack also includes the

energy dissipation through formation of near tip
plastic zone. The total energy due to fracture,

therefore, can be expressed as (Tvergaard and

Hutchinson, 1992),

C ¼ Co þ Cp: ð3Þ
Here Cp is the plastic dissipation energy due to unit

crack advance. Since Cp is controlled by the near

tip constraint and loading conditions, the total

work of fracture is not a material constant. In
general, Co may be assumed as a constant while Cp

varies as crack propagates except under steady-

state condition. For inhomogeneous materials,

both Co and Cp should be functions of spatial

coordinates. Suppose material properties vary

continuously along the x-direction, the total work
of fracture in the graded materials can be ex-

pressed as,

CðxÞ ¼ CoðxÞ þ CpðxÞ: ð4Þ

Here the surface separation energy CoðxÞ may be

treated as a spatially variant material para-

meter while the plastic dissipation CpðxÞ is a geo-

metry dependent parameter. Again, the total

work of fracture CðxÞ is not a material parameter

since it depends on the loading and boundary
conditions.

The energy flow into a moving crack tip can be

also expressed via the equation of energy rate

balance. If crack propagates within an elastic

body, it is given as,

F ¼ P � ð _Uel þ _T Þ: ð5Þ

Here F is the rate of total energy dissipated out of

the body, P is the power of external load, Uel is the

total elastic strain energy and T is the total kinetic
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energy. When the crack propagates at speed v, the
energy release rate is C ¼ F =v and equivalent to

the integral shown in (2). For elastic–plastic me-

dia, the energy required to separate crack surfaces

can be approximated as,

Fo ¼ P � ð _U þ _T Þ: ð6Þ
In this equation, U is the total stress work con-

taining both the elastic and plastic parts (e.g.,

U ¼ Uel þ Upl). The above expression assumes the

entire plastic flow within a body to be directly
caused by the moving crack. If plastic flow occurs

away from the crack tip (e.g., load application

point), such dissipation must be subtracted from

Upl. Alternatively, one may assume the above

equation to hold within a contained region that

includes near tip plastic zone but excludes plastic

deformation near the loading boundary. With this

relation, the separation energy Co and the plastic
dissipation Cp caused by crack advance are,

Co ¼
Fo
v

and Cp ¼
_Upl

v
: ð7Þ

In the present elastic–plastic graded materials, the

separation energy Co is assumed as a material

property that implicitly depends on material

composition while Cp is treated as the plastic dis-
sipation due to crack advance through the graded

region. The latter parameter is usually a strong

function of the failure stress required to separate

surfaces. In general, he separation energy Co can

be dependent on the mode-mixity as well as on the

crack tip speed. The mode dependency is examined

but the influence of crack tip speed is not consid-

ered in this paper to keep the analysis simple.
2.2. Models for crack growth simulation

There are several methods to simulate crack
propagation in homogeneous elastic–plastic ma-

terials. They have been used to investigate the role

of plasticity during the fracture process under

various conditions. One of more popular methods

utilizes the �embedded process zone� (EPZ), which
incorporates a cohesive or surface traction–sepa-

ration law to characterize fracturing process

(Needleman, 1987; Tvergaard and Hutchinson,
1992, 1996; Tvergaard, 2001). This law is em-
bedded as an internal boundary condition or in

special elements along the fracture plane. The

parameters governing the separation law are the

separation energy Co the peak traction/separation

stress rmax and the reference opening displacement

of the crack surfaces do. Although there are vari-
ous traction–displacement relations (e.g., Xu and

Needleman, 1994; Camacho and Ortiz, 1996;

Geubelle and Baylor, 1998), they may be classified

into the EPZ category. Usually, a precise nature of

traction–separation relation is not important, and

only the magnitudes of Co and rmax directly in-

fluence the fracturing process. Because of the

plastic yielding, the EPZ model is limited to the
cases in which the ratio of rmax to the yield stress

ro is not too large. Otherwise, stress levels

achieved near crack tip are not high enough to

produce surface separation. The upper limit of

rmax=ro is about 3.0 for an elastic–perfectly plastic

material (Tvergaard and Hutchinson, 1996). Sim-

ilar models that incorporate cohesive model have

been used for elastic failure analyses under dy-
namic conditions (e.g., Breitenfeld and Geubelle,

1998; Repetto et al., 2000; Ruiz et al., 2001) and in

the micro-mechanical failure analysis of heteroge-

neous ceramic systems (Zhai and Zhou, 2000). The

EPZ approach based on experimental observa-

tions was recently discussed by Hutchinson and

Evans (2000).

The limitation of the EPZ model motivated the
development of the plasticity-free strip or SSV

model. Assuming dislocations emitted at the crack

tip play a minimal role in crack propagation, Suo,

Shih and Varias (SSV) introduced the idea of

plasticity-free strip (Suo et al., 1993; Beltz et al.,

1996). In the SSV model, an elastic (plasticity-free)

layer is imposed between the crack plane and the

plastic zone. In this model, there is no explicit
recognition of a separation law because the trac-

tion on the crack tip is unbounded as the tip is

approached. It is assumed that the size of any

separation zone should be sufficiently small com-

pared to the thickness of the plasticity-free layer D
such that the peak separation stress is always

achieved. Therefore, rmax is not a parameter in this

model. The criterion for crack propagation is
simply Ctip ¼ Co, where, Ctip is the energy release

rate near the crack tip. In contrast to the EPZ
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model, the SSV model becomes invalid at low

separation strength because the size of the sepa-

ration zone becomes comparable to or larger than

D. Under such condition, the assumption of at-

taining the peak separation stress is violated. Since

both EPZ and SSV models have some limitations,
so-called �unified model� was developed by Wei

and Hutchinson (1999). It incorporates both the

traction–separation description used in the EPZ

model and the plasticity-free layer of thickness of

thickness of D in the SSV model. The crack plane

is characterized by the adhesion energy Co and the

separation strength rmax, and the thickness of the

plasticity-free zone D. When D becomes small,
the unified model converges to the EPZ model.

When rmax is larger, it approaches the SSV model.

Compared with the EPZ and SSV models, the

unified model can accommodate larger variations

of material parameters.

In addition to these models based on the mac-

roscopic fracture toughness, a model based on the

micro-scale failure process was introduced by Xia
and Shih (1995). Here near tip void growths and

their eventual coalescence are considered. In many

ductile materials, most of the separation energy Co

is consumed during the void nucleation and co-

alescence. In Xia and Shih (1995), an element layer

of void-containing cells was introduced ahead of

crack. The element size is in the same order as the

spacing of the inclusions, which can initiate voids.
When stress is applied, the void in the cell grows,

and the volume fraction of void increases and the

cell weakens. Eventually these voids coalesce and
Table 1

Summary of various elastic–plastic failure simulation models

Models Advantages

EPZ Various separation laws can be easily accomm

dated. Implementation to existing code is simp

SSV Suitable when separation stress is large

Unified

(EPZ+SSV)

Applicable for various conditions of elastic–pl

crack propagation

Cell Able to simulate void nucleation and coalescen

VIB Separation law is incorporated into the constitu

relation. No artificial compliance is introduced
the crack advances across the cells to form a longer

crack. Instead of defining fracture conditions in

special elements or boundary conditions, the vir-

tual internal bond (VIB) model was introduced to

incorporate the fracture law directly into the con-

stitutive equations of regular elements (Gao and
Klein, 1998; Klein and Gao, 1998). In this ap-

proach, cohesive bonds connecting randomly dis-

tributed material particles are incorporated within

continuum elements. The collective behavior of

this random bond network is determined by

equating the strain energy function on the con-

tinuum level to the potential energy stored in the

cohesive bonds in the micro-scale. In this model,
the fracture energy is not a constant for a given

material. It depends strongly on the deformation

conditions near the crack tip. One of the promising

features of this model is that it provides a means to

combine the plasticity theory with the fracture

model at the constitutive level. This method has

been applied to simulate crack nucleation and

propagation in a ductile layer between two brittle
layers, and toughness increasing due to plastic

deformation has been observed (Gao and Klein,

1998; Klein and Gao, 1998). The merits and dis-

advantages of these crack growth models are

summarized in Table 1.

In the present work, several factors were con-

sidered in selecting a suitable simulation model for

graded materials. One is computational effective-
ness. Since graded or inhomogeneous materials

generally require more computational efforts than

those for homogeneous materials, additional
Disadvantages

o-

le

Fails to provide predictions when peak separation

stress is too high compared with yield stress.

Artificial compliance along element boundary may

be introduced

Size of the elastic strip may affect fracture behavior

astic More parameters (both separation law and elastic

strip) are needed

ce Calibration from experimental data may be complex

tive Difficult to implement and tends to be numerically

unstable for inhomogeneous materials. Requires

large CPU time
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processing needed for a crack growth simulation

must be kept at reasonable level. An ease of im-

plementation is also an important consideration in

models containing complex materials. This means

that the VIB model is not suitable since it requires

significant computational time and the numerical
convergence is often difficult to achieve. Another

requirement is the ability to simulate multiple

crack initiations and growths at arbitrary loca-

tions. This condition is necessary for cracking

under impact load or when crack paths are not

known a priori. Of aforementioned models, the

SSV, unified and void-containing cell models re-

quire prior knowledge of crack paths, and there-
fore, they are not suitable. Thus, only the EPZ

model appears to be eligible for the failure simu-

lations of inhomogeneous materials under general

conditions. The actual separation law adopted in

our analyses uses the traction–separation relation

utilized by Xu and Needleman (1994). Here so-

called cohesive elements are inserted along

boundaries of continuum elements to simulate
surface separation.
2.3. Surface separation model

To achieve separation of crack surfaces along

element boundaries, special elements that follow

appropriate traction–displacement relation are

used. In general, the cohesive element acts as a
non-linear spring and the crack growth criterion is

embedded in its constitutive equation. The trac-

tion–displacement relation of the cohesive element

is defined through a potential function U. Since the
energy required to separate two nodes is equiva-

lent to the integral of traction over displacement,

U represents the amount of consumed energy due

to a growing crack. When crack grows under
mixed-mode condition, this potential function in-

cludes both the normal (Mode I) and tangential

(Mode II) contributions as (Xu and Needleman,

1994),

Uðdn; dtÞ ¼ Co 1

�
þ e�dn=dno 1

��
þ dn

dno

�
ðq� 1Þ

� 1

�
þ dn

dno

�
qe�ðdt=dtoÞ

2

��
: ð8Þ
Here dn and dt are the displacement components

normal and tangential to the crack surfaces, re-

spectively. Also dno and dto are the reference dis-

placements, q is the ratio of the separation energy

under pure Mode II and pure Mode I conditions.
If q ¼ 1, equal separation energies are assumed for

Modes I and II. The normal and shear traction

components can be derived through the partial

derivatives of U with respect to dn and dt, respec-
tively. For the normal component, the peak trac-

tion/stress rmax ¼ Co=ed
n
o occurs at dn ¼ dno while

the maximum shear traction smax occurs at

dt ¼ dto=
ffiffiffi
2

p
. The reference tangential displacement

is dto ¼
ffiffiffi
2

p
ednormax=smax. A potential source of error

for this type of cohesive separation model is that

an artificial compliance can be introduced between

regular elements. When choosing parameters, this

effect must be considered carefully. Under pure

Mode I condition, Co should be set according the

material�s separation energy while either rmax or do
can be set independently. In linear elastic materi-
als, choice of rmax or do is not very important al-

though it can influence the numerical accuracy.

Nakamura and Wang (2001) have reported that

for ideally brittle materials, the numerical error

decreases with higher values of rmax (i.e., smaller

values of do). In elastic–plastic materials, selection

of rmax is more important since it has physical

significance. The value of rmax directly influences
the size of near tip plastic zone during crack

growth (Tvergaard and Hutchinson, 1992; Wei

and Hutchinson, 1999). With changes in the crack

tip plastic flow, the plastic dissipation Cp varies

and alters the total fracture energy C. Of the two
critical fracture parameters, Co may be estimated

from fracture toughness test but estimation of rmax

is usually more difficult.
Unlike homogeneous materials where Co and

rmax can be assumed to be constant throughout the

media, they are not unique in graded materials.

The two parameters must be defined as functions

of position (e.g., CoðxÞ, rmaxðxÞ) or composition of

multiple phases at the a given location. Usually,

graded materials are fabricated from varying

composition of two phases. Suppose the fracture
parameters depend solely on composition (i.e.,

volume fractions of two phases) and can be defined

as functions of volume fraction of one phase as
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shown in Fig. 2(a). Note such a plot may be con-

structed from testing several composites with same

phases but with different volume fractions, al-

though it can be extremely complex. In the figure,

it is assumed that the peak stress decreases while
the separation energy increases with larger ductile

phase. If both functions are sufficiently smooth

and monotonic, one may produce a direct rela-

tionship between Co and rmax as shown in the next

figure. Furthermore, as a first order approxima-

tion, this relation may be expressed with a power-

law equation as,

rmax

r	
max

¼ Co

C	
o

� �a

: ð9Þ

Here C	
o and r	

max are the parameters defined at a

reference point (e.g., elastic phase). The exponent a
can be any real number that defines the variation
of rmax as a function of Co. Without such an as-

sumption, independent determination of spatial

variant quantities Co and rmax would be difficult.
With this relation, one needs to define a single

material parameter a and Co variation (as a func-

tion of position or composition). Introduction of

the above relation should significantly reduce ef-

forts required to obtain rmax variation which is
generally very difficult quantity to measure.

The exponent influences the peak stress as fol-

lows. Suppose a graded specimen with increasing

Co along the x-axis (e.g., graded ceramic–metal

specimen). If a > 0, then rmax also increases with

larger x. On the other hand, when a < 0, lower

rmax prevails even though Co increases with x. With

a ¼ 0, rmax is constant and independent of Co.
Suppose a crack propagates from the elastic phase

(i.e., ceramic) to the graded elastic–plastic phase

(i.e., ceramic–metal), and then it is likely to en-

counter a decreasing peak stress with lowering of

yield stress while the separation energy increases as

more energy is required in the ductile phase. To

represent this condition, a must be set negative.

The various r–d relations under Mode I condition
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for the case of a < 1 is illustrated in Fig. 2(b). At

each material point, the area underneath the r–d
curve corresponds to the local separation energy.

The exact value of a should depend on the com-

position and the fabrication process of the graded

material. It may be also influenced by loading and
constraint conditions but these factors can be as-

sumed as second order effects so that we may treat

the exponent a as a material parameter.

The cohesive relation (8) is generally imple-

mented in non-linear spring type elements (e.g.,

Needleman, 1987). In the present analysis, in order

to use the explicit time-integration scheme, the

relation is imposed in quadrilateral elements that
are placed along continuum element boundaries.

In order to limit the artificial influence of cohesive

elements on the overall response small, their

thickness h is set less than 1% of the adjacent ele-

ments� size. In addition, the initial stiffness of co-

hesive element (estimated from rmax=hd
n
o) are set

close to that of the bulk material to avoid altering

overall rigidity of the structure as well as stress
wave propagation characteristics. The mass den-

sity of cohesive element is also set close to the bulk

density. The accuracy of this procedure was com-

pared and verified with known exact solutions of

linear elastic models.
3. Dynamic crack growth in elastic–plastic graded
material

3.1. Double cantilever beam model

To examine the dynamic failure growth char-

acteristics of graded materials and feasibility of

proposed model, a simple fracture configuration is

considered. Here a double cantilever beam (DCB)
specimen under dynamic load is selected. This

model consists three regions, ceramic (linear elas-

tic), graded and metal (elastic–plastic) phases, as

shown in Fig. 3(a). Initially, the crack tip is located

within the ceramic region at x ¼ 0. This specimen

is loaded suddenly at t ¼ 0 with constant velocity

at the opening end of the specimen as shown in the

figure. The stress waves traverse to the crack tip
and initiate dynamic crack growth. The graded

region begins at x ¼ 1 mm and spans for 5 mm.
The material properties of the elastic phase are the

Young�s modulus E ¼ 350 GPa, the Poisson�s ratio
m ¼ 0:25, mass density q ¼ 3; 900 kg/m3 and the

separation energy per unit area Co ¼ 30 J/m2.

These values approximate those of Al2O3. The

elastic–plastic phase models a ductile steel with
E ¼ 200 GPa, m ¼ 0:3, q ¼ 7; 800 kg/m3, and

Co ¼ 2000 J/m2. Its plastic behavior is described by

the yield stress ro ¼ 700 MPa and the linear strain

hardening modulus H ¼ 10 GPa. Note these val-

ues were chosen rather arbitrary since our objec-

tive is to gain the qualitative insights to the crack

growth in the graded region and not modeling of a

particular graded material at this stage. Also due
to the symmetry condition, the crack propagates

under pure Mode I condition.

Within the graded region, the volume fractions

of ceramic and metal phases are set to vary linearly

with x. Since the composition changes with x, the
material properties must also vary with location

(e.g., E ¼ EðxÞ). There are several theories to esti-

mate effective properties of two-phase composites.
Here the so-called modified rule-of-mixture (Suresh

and Mortensen, 1998) is assumed. According to

this model, the effective Young�s modulus is the

weighted average of the moduli for ceramic and

metal. Other material properties are also deter-

mined using the modified rule-of-mixture. Fig. 4

shows the gradually varying stress–strain rela-

tionship within the FGM region. Here, the yield
stress decreases with increasing metal phase.

3.2. Computational procedure

Due to the symmetry about the crack plane,

only the top half of double cantilever beam con-

figuration is modeled in the finite element analysis.

The finite element mesh for half model contains
about 43,000 four-noded plane strain elements and

950 cohesive elements as shown in Fig. 3(b). The

cohesive elements are placed along the x-axis
ðx > 0Þ. The element length along the crack path is
set at 10 lm, which should be small enough to

resolve complex near tip stress state. The separa-

tion energy Co within the FGM region (1

mm< x<6 mm) is assumed to increase linearly
with x as shown in Fig. 5(a). Using (9), the peak

stress rmax needed for the cohesive relation are



Fig. 3. Graded double cantilever beam (DCB) model under dynamic loading. (a) Schematic of the model. (b) Finite element mesh for

the top half. Cohesive elements are placed along the predefined crack path.
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determined. In order to determine its effects, three

different values of a ¼ 0, )0.1, )0.2 are considered.
For a < 0, the peak stress decreases as crack
propagates from the elastic phase to the metal-rich

elastic–plastic phase. The variation of rmax within

the graded region is shown in Fig. 5(b). For the

reference parameters in (9), we have selected the

corresponding values of ceramic. They are C	
o ¼ 30

J/m2 for the separation energy, and r	
max ¼ 3:68

GPa for the peak stress.

The finite element analyses are carried out with
explicit time integration scheme. At t ¼ 0, the

specimen is loaded by a pair of constant velocity

(v ¼ 3 m/s) prescribed at the left edge. The time

increment is typically Dt ¼ 4
 10�10 s. At every

time increment, various parameters are monitored,

including the crack tip position and energy values.
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3.3. Crack propagation behavior

After loading waves reach the crack tip and

sufficient crack driving force builds up, crack

propagation occurs at around t ¼ 5 ls. The crack
growth behaviors of the three cases are shown as

functions of time in Fig. 6(a). Initially, the crack

grows similarly in all cases while it is still within

the elastic region (up to Da ¼ 1 mm). After-

ward, the propagation behavior varies for different
a�s as the crack enters the graded region at around

t ¼ 7 ls. The crack tip speeds are determined from

the time derivatives and shown in Fig. 6(b). The

fastest crack is observed for a ¼ �0:2 as it tra-

verses the entire FGM region in less than 19 ls to
reach the metal phase (i.e., Da ¼ 6 mm at t ¼ 26

ls). The highest crack tip speed is about 690 m/s.

In the case of a ¼ �0:1, the propagation speed is
somewhat slower than that of a ¼ �0:2. The crack
growth is slowest for a ¼ 0:0. The crack almost

arrests when it enters the metal phase (Da ¼ 6

mm), and the slow propagation stage lasts more

than 20 ls. These propagation behaviors are direct
outcome of different peak stress variations since all

other properties, including the separation energy,
are identical in the three cases. For a ¼ 0, )0.1,
)0.2, the rmax in the metal phase is 3.68, 2.42 and

1.59 GPa, respectively. When a larger rmax is re-

quired to propagate, crack growth requires suffi-

cient stress build-up and slows the crack tip speed.

Within the elastic–plastic region (graded and metal

phase), a larger peak stress also causes near tip
plastic zone to enlarge that leads to greater energy

dissipation associated with the crack growth.

According to (4), the total fracture energy

during propagation is defined as the sum of the

separation energy and the plastic dissipation en-

ergy. Thus, a larger plastic dissipation translates to

higher crack growth resistance. In order to exam-

ine this behavior more closely, various energy
values during propagation are extracted. Fig. 7(a)
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shows the partitioned energy components during
crack propagation for a ¼ �0:1. They are nor-

malized by the external work due to the loading,

which is equal to the sum of elastic strain energy,

kinetic energy, plastic energy/dissipation and sep-

aration energy. The separation energy is obtained

by integrating the potential U, shown in (8), of all

the cohesive elements. Note that the separation

energy in the figure represents the accumulation of
energy consumed for separation, while Co in (4) is

the energy rate per unit advance of separation.

Also in the figure, sum of the separation energy

and the plastic dissipation is denoted as the total

fracture energy since it represents the energy di-

rectly consumed by the crack growth. In this

model, the plastic deformation is confined to near
crack tip region and the plastic dissipation occurs

only by the propagation. At the beginning, most of

external work is transferred into the elastic strain

and kinetic energies. At about t ¼ 4 ls, the kinetic
energy peaks and starts to drop relatively. As

crack tip enters the graded region at t � 7 ls, the
separation energy continues to increase and the

plastic dissipation begins. The plastic energy re-

mains relatively small while within the graded

region (�7 ls < tK 27 ls). The plastic flow is lim-

ited since the ratio of peak stress to yield stress

stays low and reaches rmax=ro ¼ 3:4 only at the

end of graded region (for a ¼ �0:1). Once the

crack enters the metal phase, the plastic deforma-
tion increases rapidly. At t ¼ 50 ls, the total

fracture energy accounts for 50% of the internal

energy.

In order to relate the crack propagation to the

balance of energy rate as discussed in Section 2.1,

time derivatives of the energy quantities are cal-

culated. At each time increment, the balance

equation in (6) is satisfied within 0.1% of the
external power P , which attests the accuracy of

calculations. Fig. 7(b) shows the rates of the sep-

aration energy Fo and the plastic dissipation _Upl as

well as the total fracture energy ðFo þ _UplÞ. The
other components were not shown for clarity. Al-

though the rate of plastic energy is low at begin-

ning, it reaches close to the rate of separation

energy when the crack enters the metal region
(t <� 27 ls). These energy rates can be divided

by the crack tip speed to obtain Co, Cp and

Cð¼ Co þ CpÞ, respectively, as shown in Fig. 8(a).

It is interesting to note that while the energy rates

(Fig. 7(b)) and the crack tip speed (Fig. 6(b)) are

highly oscillatory, the divisions show much

smoother behaviors. In the figure, the separation

energy increases while the crack tip is within the
grade region (�7 ls < tK 27 s), but remains con-

stant in the metal phase. This output is consistent

with the imposed separation energy variation in

the graded region. Within the metal phase, the

contribution from plastic dissipation increases

rapidly. After t ¼ 30 ls, the time variation slows

down, which is an indication of steady state con-

dition within the homogeneous metal phase.
The total fracture energy per unit advance C is

re-plotted as function of the crack growth distance
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in Fig. 8(b). Here the results of other a values are

also shown. Physically, this exponent controls the

amount of plastic dissipation as the crack propa-

gates through the graded and metal region. For
a ¼ �0:2 (lower peak stress rmax case), the plastic

dissipation during crack propagation is negligible.

This means Cp � Co and C  Co. In fact, the re-

sult closely follows the prescribed variation of Co

(i.e., linear increase from 30 to 2000 J/m2 for

1 mm<x<6 mm and constant for x > 6 mm at

2000 J/m2). On the other hand, for a ¼ 0, the ex-

tent of plastic deformation is much greater (with
higher peak stress rmax). Here, the plastic dissipa-

tion accounts as much as 80% of the total fracture

energy. Intermediate results can be observed for

a ¼ �0:1 where the magnitudes of Co and Cp are

about the same near the end. To verify the accu-
racy of computed Co, a separate model without

any plastic deformation ðCp ¼ 0Þ is constructed

and the domain integral (2) is used to compute C.
The integral C is always within 1–2% of C obtained

from the balance of energy rate equation.

As noted earlier, Co and rmax are the critical
parameters to simulate crack propagation. The

assumed relation proposed in (9) significantly re-

duces the task of defining Co and rmax individually

since the exponent a defines rmax variation with

that of Co. In the DCB model, the crack propa-

gation behavior is very sensitive to the value of a
since it directly controls the peak stress and the

amount of plastic dissipation. A suitable value of a
for a given graded material must be obtained from

experimental investigations.
4. Multiple crack growths in graded layer

4.1. Impact load model

The computational procedure described for the

graded fracture specimen is extended to crack a

more complex dynamic failure analysis. Here a

FGM model subjected to a high velocity rod im-

pact is considered. Unlike the previous model with

well-defined crack path, the impact generates

multiple crack nucleations at arbitrary locations

and growths along arbitrary directions. The im-
pact load model consisting of a protective FGM

layer and a metal substrate is shown in Fig.

9(a). This is a simplified model and not meant

to simulate actual projectile striking or pene-

tration phenomena. However, the model is still

sufficient to verify applicability of the current sim-

ulation procedure in complex loading environ-

ments.
In order to minimize lateral boundary effects,

the width of bi-layer structure is chosen to be

much larger than its thickness. Within the pro-

tective layer, the material is graded along the ver-

tical direction with the top surface being pure

ceramic and at the interface being metal. The

material properties are chosen to be same as those

used for the DCB model. For the ceramic phase,
they are E ¼ 350 GPa, m ¼ 0:25, q ¼ 3900 kg/m3

and Co ¼ 30 J/m2. For the metal phase, they are



Fig. 9. (a) Schematic of protective FGM layer and substrate subjected to impacting rod. (b) Finite element mesh near the impact.

Cohesive elements are distributed within FGM underneath the impact.
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E ¼ 200 GPa, m ¼ 0:3, ro ¼ 700 MPa, H ¼ 10

GPa, q ¼ 7800 kg/m3 and Co ¼ 2000 J/m2. Ini-

tially, the grading is assumed to be linear and the

same property variations are assumed in the gra-

ded layer. In addition, the rod and the substrate

are treated as elastic material with E, m and q of the

metal. For the fracture parameters, the power ex-

ponent of a ¼ �0:1 and the reference values of
C	
o ¼ 30 J/m2 and r	

max ¼ 3:68 GPa are chosen in

(9).

4.2. Computational procedure

Instead of using four-noded quadrilateral ele-

ments as in the DCB analysis, three-noded con-

stant strain triangular elements are utilized in the
construction of mesh. This choice allows greater

flexibility in propagation paths and directions than

those with four-noded elements. In addition, more

stable numerical convergence is obtained with the

triangular elements. Note that the propagation

paths are still restricted along the element bound-

aries and there is some degree of mesh-depen-

dence. About 15,000 plane strain elements are used
to construct the model shown in Fig. 9(b). Near

the impact region, small elements with length of

100 lm are placed and the element sizes are

gradually increased away from the impact loca-

tion. To simulate crack propagations, approxi-

mately 10,500 cohesive elements are distributed

along the element boundaries within a rectangular

region underneath the rod impact (20 mm
 30
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mm). This region spans the thickness of graded

layer. They are not distributed over the entire

model to reduce computational time. Unlike the

DCB model under Mode I condition, cracks are

expected to propagate under mixed-mode condi-

tion. Initially the ratio of Mode II to Mode I
separation energies is set unity ðq ¼ 1Þ in (8), and

the separation stress of Mode II, is set to be same

as that of Mode I (i.e., smax ¼ rmax). At t ¼ 0,

initial velocity of 200 m/s is prescribed for the

metal rod. The contact condition is imposed be-

tween the rod and the top surface of the FGM

layer to simulate the indentation by the rod. All

computations are carried as finite deformation
analyses.

In any dynamic simulations, stability of calcu-

lation is an important consideration. Here, it is

influenced by various factors such as element sizes/

shapes and the traction–separation law of cohesive

elements. Instability is more prevalent when pri-

mary loading condition is compression rather than

tensile. Compressive load not only initiates com-
plex fracturing modes but also tends to overlap

elements. In order to improve the numerical sta-

bility, a small damping is artificially introduced in

this calculation. Various tests indicate some influ-

ence of damping with its effects to be 2–5% in

terms of energy calculations. To further ensure the

accuracy of explicit calculations, a time increment

is set very small at about 2
 10�11 s. Each impact
analysis requires about half a million increments

for up to 8 ls calculations.

4.3. Multiple crack initiations and growths

At t ¼ 0, the rod strikes the FGM layer at 200

m/s (about 2% of the ceramic bar wave speed).

Initial fracture occurs immediately after the im-
pact. Essentially the rod crushes and breaks apart

the material underneath the contact. In fact almost

all the element boundaries are separated eventually

within this region. These fracturing primary occur

under Mode II condition. Subsequently, some of

them radiate outward. A sequence of cracking is

illustrated in Fig. 10. Crack propagation directions

can be classified into types. One tends to propagate
horizontally and the other tends to propagate

downward. The former type has greater Mode I
component as can be observed from wider surface

separations, while the latter type is generally Mode

II dominant. These cracks have no or very small

normal separations since compression keeps two

surfaces in contact. But intense shear causes rela-

tive sliding to cause Mode II fracture. At t ¼ 8 ls,
the separation energy released by all the cracks

totals 400 J/m, of which about 70% of the energy

release is by pure or nearly Mode II cracks. This is

an indication of dominant Mode II fracture con-

dition. Crack propagation speeds vary for different

cracks but some reach up to 500 m/s. In general,

horizontal cracks grow faster than those along the

vertical direction. Since the deeper regions are
more resistant to crack propagation (with larger

Co), it is harder for cracks to propagate through.

The figure also illustrates complete separation of

several fragments adjacent to the impact. Their

sizes range from a single element size (�100 lm)
to about 3 mm. Note that mesh is generated

asymmetrically across the center vertical line to

avoid symmetrical crack profile. As discussed
earlier, the cracking pattern is mesh-dependent

since they can only occur along element bound-

aries. The effects of mesh-dependence are discussed

in Section 4.5.

The state of stresses after impact is shown in

Fig. 11, where shades of effective stress ðreÞ and
pressure ð�rhÞ at t ¼ 8 ls are illustrated. In the

FGM layer, largest effective stress (>8 GPa) is
observed directly underneath the impact. In the

pressure contours, largest compression is observed

along the contact surface. In both figures, unlike a

regular model without cracks, the shades are not

continuous. This is the outcome of multiple frac-

turing, which generates very complex stress state.

At t ¼ 8 ls, the total energy transferred into the

layer and the substrate is about 20% of the initial
kinetic energy of the rod. The tip velocity of rod is

still about 120 m/s. This means the impact will

continue. However excessive element distortions

occur within the high-pressured region and cause

numerical instability. Since re-meshing is not

possible or practical with cohesive elements, the

computation is terminated at this point. The sim-

ulation of penetration can be carried out with
other means of failure criteria, such as one based

on the maximum plastic strain (Rajendran, 1998),



Fig. 10. Profiles showing sequence of crack initiations and growths after impact.
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although such a model would not be applicable

with models containing a brittle phase.

4.4. Effects of material gradation

In the initial model, the material composition

within the graded layer is assumed to vary linear

with the depth. However, in real applications, the
gradation can be varied to achieve optimal effects,

which is the strength of FGMs (Chin, 1999). Here,

we investigate the effects of material gradation on

the fracture behaviors. The geometry, loading

conditions and material properties of ceramic and

metal are kept the same while different composi-
tional gradations are prescribed. To describe the

gradation conveniently, the variation of material

composition is set to follow the power-law relation

as,

Vm ¼ ðz=dÞn: ð10Þ

Here, Vm is the volume fraction of metal phase, z is
the distance measured from the top surface, d is

the thickness of the FGM layer (d ¼ 20 mm), and

n is the material gradation parameter. The metal

volume fraction is always Vm ¼ 0 at z ¼ 0, and

Vm ¼ 1 at z ¼ d. If n ¼ 1, the material composition
varies linearly, as that is the case of the initial



Fig. 11. Shades of stresses at t ¼ 8 ls after impact shown for (a) effective stress ðreÞ, and (b) pressure ð�rhÞ. Discontinuous stresses are
due to cracking.

616 Z. Wang, T. Nakamura / Mechanics of Materials 36 (2004) 601–622
analysis. Here additional cases for n ¼ 1=3 and 3

are considered. Also, pure ceramic case, corre-

sponding to n ! 1 is also examined. The grada-

tions according to the power-law for n ¼ 1=3, 1, 3
and 1 are illustrated in Fig. 12.

The profiles of cracks at t ¼ 8 ls for n ¼ 1=3, 1,
3 and 1 are shown in Fig. 13. It is observed that

for larger n (i.e., more ceramic phase), cracks tend
to propagate farther downward. At t ¼ 8 ls, a
crack tip reaches the bottom of graded layer (i.e.,

the interface with substrate) for the pure ceramic

case ðn ! 1Þ, while cracks extend only mid-way

through the thickness for n ¼ 1=3 case. These be-

haviors are dictated by the imposed toughness

variations through-thickness. It is more difficult

for cracks to propagate where the volume fraction



Fig. 12. Various grading styles shown with through-thickness

change of metal volume fraction. Variations based on power-

law form are assumed. Note n ! 1 corresponds to pure ce-

ramic layer (i.e., Vm ¼ 0 for all z).
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of metal phase is larger. For horizontal cracks, the

extensions are similar in all the cases.
Fig. 13. Crack profiles at t ¼ 8 ls for different gradations; (a) n ¼ 1=

vertical cracks are observed with larger n.
The effects of gradation on energy components

are also examined. The partitioned energy within

the FGM layer normalized by the initial kinetic

energy of the rod (impact energy) is shown for

various cases in Fig. 14. Here, the separation en-

ergy is obtained by summing the products of every
cracked element length and its consumed energy U.
In the figure, the total dissipation is the sum of the

separation energy and the plastic energy/dissipa-

tion. Note that unlike the DCB model, the plastic

energy includes significant plastic flow directly

caused at the impact. In all cases, the time varia-

tions of recoverable energies (elastic strain energy

and kinetic energy) are very similar regardless of
gradation. On the other hand, the dissipative en-

ergies are highly influenced by various gradations.

The models with smaller n (i.e., greater metal

content) show larger plastic energy as well as lar-

ger separation energy. The latter fact does not

suggest there are more cracks but each crack has

greater separation energy Co. For the case of
3, (b) n ¼ 1, (c) n ¼ 3, and (d) pure ceramic ðn ! 1Þ. Greater
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n ¼ 1=3, the total dissipated energy reaches more

than 5% of the impact energy at t ¼ 8 ls.
In order to quantify the effects of cracking more

clearly, a separation calculation is carried out

without cracks (i.e., no cohesive elements) for
n ¼ 1 gradation. Its energy components are shown

in Fig. 14(d). In comparison with the model that

allows cracking (Fig. 14(b)), the elastic strain and

kinetic energies are far greater (nearly double of

those without cracks at t ¼ 8 ls). More impor-

tantly, the plastic energy also exceeds the model

with cracks by about 25%. They are the outcome

of stiffer response without cracks. The comparison
study elucidates that the presence of cracking has a

significant effect in the energy absorption charac-

teristics. Although cracks only account for small

energy absorption (separation energy is 0.14% of

impact energy at t ¼ 8 ls as shown in Fig. 13(b)),

their presence causes other energy components to

change more significantly. Physically, the cracking
alters the effective modulus and the energy transfer

mechanisms to the layer.

4.5. Effects of mode dependency

In the previous calculations, the separation en-

ergy under pure Modes I and II conditions are

assumed to be equivalent (i.e., q ¼ 1). In many

materials, it is known that the toughness under

Modes I and II is not the same. Here we investi-

gate the mode dependency by prescribing greater

separation energy under Mode II condition. In the

calculations, all the parameters are kept the same
but the mode dependent parameter is set as q ¼ 1:8
(i.e., 80% more energy under Mode II condition).

The gradation is assumed to be linear ðn ¼ 1Þ.
With larger q, less cracking occurs within the

same time period. Fig. 15(a) shows the crack

profile at t ¼ 8 ls. Comparing with q ¼ 1 shown in

Fig. 13(b), the extent of cracking is confined and



Fig. 15. Effects of larger Mode II toughness ðq ¼ 1:8Þ. (a)

Crack profile at t ¼ 8 ls. (b) Evolutions of energy components.
Linear grading is assumed ðn ¼ 1Þ.
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there are significantly less cracks near the free

surface. In fact, initial cracking occurs at a later

time and there are less Mode II cracks. The energy
components in the FGM layer are also shown in

Fig. 15(b). Here up to t � 5:5 ls, the behaviors of
elastic strain, kinetic and plastic energies are

identical to those for the no-crack model shown in

Fig. 14(d). At about t ¼ 5:5 ls, crack nucleation

and growth suddenly take place, as indicated by

sudden changes in the curves. Beyond this time,

the strain energy and kinetic energy essentially
cease to increase while the plastic energy rises more

rapidly. This is probably due to large plastic flow

caused by crack propagations (i.e., near-tip plas-

ticity). The difference between the plastic energy

curves in Figs. 14(d) and 15(b) can be attributed to

the plastic flow solely from the crack propaga-
tions. The amount of plastic energy at t ¼ 8 ls is
50% and 20% higher than those for the q ¼ 1 and

no-crack cases, respectively (Fig. 14(b) and (d)). In

summary, a larger q slows crack initiations, but

once they begin, the propagations are accompa-

nied by larger plastic flow. This result further
confirms that cracks have significant influences on

energy absorption characteristics although sepa-

ration energy its may be small.

For purpose of protecting the substrate, it is

desirable to have the layer dissipate as much en-

ergy as possible. Based on the current analysis,

albeit with a simplified model and limited com-

putations, it appears the separation energy due
cracking account for a small part of the total dis-

sipative energy. However, the cracks play far more

important role since their presence significantly

influences the behaviors of other energy compo-

nents. Thus, accurate crack models are essential in

obtaining the energy absorption behavior. In real

applications, the design of material gradation may

require additional factors such as weight, thermal
barrier property, stress concentration in the sub-

strate and long dwell time of projectile (Chin,

1999). The current analysis only elucidates a few

basic relationships among gradation, cracking

patterns and energy absorption. Additional work

is necessary to clarify other important factors, in-

cluding the strain rate dependency and the crack

tip speed.

4.6. Effects of mesh-dependence

In many crack propagations with finite element

analysis, mesh-dependency is difficult to avoid. In

order to quantify such an effect, we generate a

separate mesh with larger element sizes. Here, the

element lengths are set twice as large (4 times as
large in area) as the previous case. The case of

linear gradation ðn ¼ 1Þ and no mode-dependency

ðq ¼ 1Þ are considered, and all other quantities are
kept the same as before. The cracking pattern for

this case is shown in Fig. 16(a), which can be

compared with Fig. 13(b). Although there are less

long cracks, the qualitative nature of crack profile

is similar to those with the finer mesh. The energy
components are also computed and shown in Fig.

16(b). The general trends are very similar, and the



Fig. 16. Effects of mesh-dependence (n ¼ 1 and q ¼ 1). Ele-

ments� lengths near impact are twice as long as the initial mesh.
(a) Crack profile at t ¼ 8 ls, which may be compared with Fig.

13(b). (b) Evolutions of energy components, which may be

compared with Fig. 14(b).
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separation energy is almost identical in both me-

shes. The values of other energy components are
about 25% higher in the coarse mesh than those in

the fine mesh shown in Fig. 14(b). Physically, they

represent a stiffer response since less cracking is

possible in the coarse mesh. In summary, the

mesh-dependence exists but these deviations are

not excessive when the areas of elements are 400%

larger in the coarse mesh.
5. Conclusions

Unlike homogenous materials, crack propaga-

tion in graded media is controlled by spatially

variable properties. This makes its behavior to
different from that of homogeneous materials. In

the present study, a new criterion and procedure

suitable for elastic–plastic graded materials are

proposed and dynamic failure simulations are

carried out. Similar approaches may be extended

for other complex materials (e.g., heterogeneous
materials). This is an initial study, and precise

verification of the model probably requires addi-

tional studies and refinements. Meaningful exper-

iments of actual elastic–plastic FGMs also require

complex set up, including specimen fabrica-

tion, preparation and measurements. In addi-

tion, accurate simulation results are mostly likely

to interpret data. Since detailed experiments of
elastic–plastic graded materials are yet to be car-

ried out, the present procedure may be applied to a

simpler case of linear elastic FGMs (e.g., Marur

and Tippur, 2000).

In the procedure, it is assumed that propagation

is controlled by the energy and the stress required

to separate surfaces. The total energy for fracture

is the sum of separation energy and plastic dissi-
pation associated with the crack growth. This idea

follows from earlier crack propagation studies for

homogeneous solids. For graded materials, these

critical parameters are not uniform but vary over

spatial coordinates. It is also assumed that a spe-

cific relationship to exist between the separation

energy Co and the peak stress rmax. Determination

of rmax in any materials is difficult, and even more
so for graded materials. In order to alleviate the

difficulty, a power-law relationship between Co

and rmax is assumed. Here, the power-law expo-

nent a is treated as a material parameter which sets
variation of rmax for given variation of Co.

The proposed simulation procedure is imple-

mented in the DCB model where dynamic crack

propagation is simulated. The model consists
brittle ceramic, graded and ductile metal phases.

Within the graded region, each material property

is gradually varied. Our study finds results to be

very sensitive to the variation of rmax (specified

through a). It influences the crack tip speed as well
as the amount of plastic flow near the crack tip.

Physically, variations of Co and rmax dictate how

crack propagates, including its speed and fracture
energy dissipations. The evolutions of various en-

ergy components are also presented and they
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should be useful in understanding the fracture

behavior. The total fracture energy increases as the

crack enters the graded region with more ductile

phase. The energy release rate is also computed

from the overall balance of energy rate, and veri-

fied with the imposed variation of separation en-
ergy in the graded material.

The failure analysis procedure is also extended

to a more complex geometry where rod impacts

onto a graded layer bonded to a substrate. Here

graded layer is designed to acts as an energy ab-

sorbing protective component. The present pro-

cedure is tested for multiple crack nucleation and

growths under large compressive load. First, the
analysis proves the effectiveness of present proce-

dure for multiple crack problems. Second, the in-

vestigation on different material gradations clearly

demonstrates their effects on cracking patterns and

various evolutions of energy components. Though

their quantitative accuracy may need improvement

due to he simplification of model, the qualitative

nature of fracture behavior is explicit. It confirms
that the composition profile or gradation can be

optimized to engineer improved protective layers.

For an example, a gradation may be designed so

that more cracks propagate along the horizontal

directions to preserve the substrate yet to maxi-

mize energy dissipation in the FGM layer.

The current analysis is also carried out to study

the effects of mode-dependency on the crack ini-
tiations and propagations. With larger Mode II

toughness, the initiations are delayed and the

evolutions of energy components are different.

Some effects of mesh-dependency are also reported

based on the results of a separate mesh. In all

cases, the energy directly consumed by crack for-

mations represent a small fraction of overall en-

ergy. However, the existence of cracks significantly
alters the evolutions of other energy components

(e.g., plastic dissipation), which suggests the im-

portance of modeling cracks to characterize im-

pact response.
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